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1. Introduction. Let there be given a p-way matrix A = («<,...<,),

ii, • • • , iP = l, ■ ■ ■ , n. The operation which takes A into A' = (ail...ipbilil),

where B = (bivi) is a non-singular 2-way matrix and the repeated index in-

dicates summation, is called a non-singular linear transformation on the in-

dex ii of A with the matrix B. It is also said to be a non-singular linear

transformation on A. If a matrix A' is obtained from A by making non-

singular linear transformations on the indices of A with matrices having ele-

ments in a field <p, then A ' is said to be equivalent in the field <p to A. If A

and A' are 2-way matrices this is equivalence in the ordinary sense.

The matrix A is said to be non-singular if A is equivalent in some field <p,

where <j> contains the elements of A, to b = (ôh...lp), where on...]p = l for

ii= • • • =/P=l, ••-,«, and bh...ip = 0 if (ji, ■ ■ ■ , ¿tO*(1, ■ • • , 1), • ' • ,
(«,•••,«). Similarly a p-way multilinear form

„ U) <J>> ,. , V

G = au—iryi% ■ ■ ■ jip     (»i» •••»*»" i» •••> *)

is said to be non-singular if G is equivalent under non-singular linear trans-

formations

(1) ,(D O) (P) ,(p) (P) ,  . . . s
V.i   = bilhxh , ■ ■ ■ , yip   = bip]pxjp (ji, • ■ ■ , jv = 1, • • • , n)

to
n

F-   E (i) (p)
Xí.    * • •  X,--  .

In chapter I of this paper sets of necessary and sufficient conditions, which

may be applied in a finite number of steps to a given matrix, are derived for

a p-way matrix A, and therefore for its associated form G, to be non-singular.

It is necessary in the treatment to distinguish between the casesf where p = 3

and p ^ 4. Among necessary and sufficient conditions for non-singularity it is

proved that a matrix A as given above is non-singular if and only if A can be

* Presented to the Society, March 30 and April 6 and 7,1934. Abstracts appeared in the Bulletin

of the American Mathematical Society, vol. 40 (1934), pp. 219, 226, 227, under the numbers 140,

164, 165 respectively. Received by the editors March 22, 1935.

f The treatment of the case p = 2 is assumed known.
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"factored" into the form (c^ • • • c(¿p), where (c^), • • •, (cjj£) are non-singular

2-way matrices.

The factorization property of a non-singular matrix A suggests the more

general problem of determining the conditions under which a matrix can be

written in the form (c^ • • • c(¿), a, ii, ■ ■ • , ip = l, ■ • ■ , n, where (c^) is

singular, and (c®]), ■ ■ • , (cjg') are non-singular.*

In the factorizations mentioned above the index a is summed. Necessary

and sufficient conditions are also obtained (chapter III) for a matrix

B = (bail...ip) to be of the form (a^tl • • • a^¿ ), a not summed, where the

3-way matrices (a^), • • •, (a¡$¡p) are non-singular if arrayed as 2-way mat-

rices with aß as the row index. The method of treatment applies to the case

where B = (bil...ip) factors into the form (c^ • ■ ■ c{^), where a is not

summed, and (c^J), • • • , (c^p) are non-singular.

The terminology and notations used in the ordinary theory of 2-way mat-

rices are assumed known to the reader.

The paper is divided as follows: §1, Introduction. Chapter I, Non-singu-

lar multilinear forms: §2, Definitions; §3, Similar transformations; §4, Pre-

liminary theorems; §5, Necessary and sufficient conditions for a matrix to

be non-singular; §6, Note on invariant factors. Chapter II, Factorization of

p-way matrices into a product of 2-way matrices one of which is singular:

§7, Introduction; §8, Canonical diagonal 2-way matrices; §9, Necessary and

sufficient conditions for the equivalence of a set of 2-way matrices to a set

of diagonal matrices; §10, Necessary and sufficient conditions for the equiva-

lence of a set of p-way matrices, p^3, to a set of diagonal matrices. Chapter

III, Factorization of p-way matrices into 3-way matrices: §11, Introduction;

§12, Factorization into multiple composites.

Chapter I. Non-singular multilinear forms

2. Definitions. The number of elements in the range of an index i is said

to be the order of i. Thus if i varies over 1,2, • • • , n, then i is of order n.

A matrix is said to be of order n if each index is of order n. An ordered set

* In the paper entitled A new method in the theory of quantics, Journal of Mathematics and Phys-

ics, vol. 8 (1929), pp. 83-84, Hitchcock shows how a matrix of order n associated with a polyadic

can always be factored into a sum of products of 2-way matrices, i.e.,

(°»i-■■ip)= ( Ji. am, ■ ■ ■ aPHp ) .

In his paper entitled The expression of a tensor or a polyadic as a sum of products, Journal of Mathe-

matics and Physics, vol. 6 (1927), pp. 164-189, he considers the problem of finding the values of n, p, h

for which a matrix can be factored as above into a sum of products of 2-way matrices. He solves a

few special cases, but does not solve the general problem.
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of indices of a matrix is called a partition^ of indices. Two partitions 7\, T2

are said to be equal if they have the same number of indices and correspond-

ing indices are of the same order (the first indices "correspond," the second

indices "correspond," etc.). We then write Tx = T2. The product of the orders

of the indices in a partition is called the order of the partition. An asterisk on

T, where T denotes a partition, indicates that the indices of T have been

assigned fixed values. For example, if T=ijk, and we assign to i, j, k the

values 2, 4, 3 respectively, we have 7/* = 243. If Tx = T2 and corresponding

indices of Tx and T2 have been assigned the same fixed values, we write

T? = T2*.

Let Tx, T2, ■ • ■ , Tr be mutually exclusive, exhaustive partitions of the

indices of a matrix A. The display (aTl...Tr) of A is the matrix obtained by

assigning Ti, ■ ■ ■ , Tr as indices to the different directions of an r-space. The

indices in each partition are assumed for convention to vary from right to left;

e.g., if ¿i = l, 2; ¿2 = 1, 2, 3; T = i¡i2; then T varies over the range (ixO) = (11),

(12), (13), (21), (22), (23).
The (Tx, ■ ■ • , Tr) diagonal elements of a matrix A =(ar1-..rr) in which

Tx = T2 = • • • = Tr are the elements obtained by letting T* = T* = • • • = Tr*.

A matrix A = (a^... ,„) is said to be a diagonal matrix if its only non-vanishing

elements are (i¡, • ■ • , iP) diagonal elements.

A T-layer of A is a minor of A obtained by fixing the partition T in the

sense that the indices of T are assigned fixed values, and letting the indices

of A not contained in T vary over their complete ranges. The T-rank of A

is the number of linearly independent T-layers of A. A matrix A is said to

be non-singular on T if the T-layers of A are linearly independent. If a

matrix A = (a*,-*) is non-singular on */, and k, then A possesses an inverse

(Aki'i') = (Ak'i¡) on ij, k, where

(aijkAki',') = (Sin'/);      (ai,kA,;'ii) = (S**-)-

(ôkk') is a Kronecker delta, (ô,-,,-,') displayed in the form (bTT')t T = ij,

T'=i'j', is also a Kronecker delta.

A b-matrix on (TV, • ■ ■ , Ti) is the matrix (bTi...Tr), where Ti = T2

= • • • =Tr and ôr1«...rr» = l when T* = T*= ■ ■ • =7\*, while St^t^.-.t,»

= 0 otherwise.

The composite on T of the matrices A = (aPT), B = (bri), where p, er, T are

partitions, is defined to be the matrix A | T\B = (afTbT<i). The repetition of

the partition T in the last matrix indicates that the indices in T are summed.

The matrix AXB = (ah.. .imbh.. .,•„) is called the open product of the matrices

A = (ail...im), B = (bh...jn).  A matrix A=(a$l ■ ■ ■ a^lp), i not summed (j

f Some of the definitions given in this section are given in Composition and rank of n-way

matrices and multilinear forms, Annals of Mathematics, vol. 35 (1934), pp. 622-657.
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summed), is said to be the multiple-composite on the indices i,j of the matrices

(<#), • • •, «)•
A matrix B = ibh...¡p) is said to be composed of a matrix A = iail...ip),

i, = l, ■ ■ ■ , ns, s = l, ■ • ■ , P, bordered by zeros, if bh...jp = ail...ip for

/,=*, = 1, • • • , n„ s = l, • ■ ■ , p while all other elements of B vanish.

Let a set of p-way matrices of order n be given by Bx, ■ ■ ■ , Bm. The char-

acteristic matrix of Bi, • ■ • , Bm is the matrix W = (piBi+ • • • +pmBm) where

Pi, ■ ■ • , Pm are parameters.

3. Similar transformations. Non-singular linear transformations on the

sets of variables x,-,'1', x- o) Jij ,jP = l, •••,«, of

(1) (p)F=     E
it— ■ —ip-l

which leave F invariant form a similar transformation on F. Two bilinear

forms and their associated matrices which are equivalent under a similar

transformation are similar in the sense of Dickson.f Let matrices Ci, ■ ■ ■ ,CP

of order n with elements in a field <j> be given by (£$,), • • • , (cjv¡ ) respec-

tively, where these matrices are associated with the transformations

di)
(i) _    tu    (i)

Xji     —   C3i»'l)'<I    I

(1.)
(2) (2)      (2)

Xj,   — Cj2i2yi,

(lp)
(p) _

Xj p c
(p)   (p>

pipVip   •

Assume that p^3, and that (li), (12), •••,(!?) leave F invariant, whence

(2)
t (1)

(P)

where S is defined on page 422. The layer di of 5 determined by setting ii = 1

can be written as 5i = rCp, where

r = (yTa) =

(1)   (2)
Cn Cu   •

(1)   (2)
Cll Cll   *

(1) (J)
ill Cll

(1)  (2)
Cii Cu

(1) <»>
Cll Cu

0)   (2)
Cll Cln  '

(P-2)  (P-1) (1)  (2)
• Cu      Cu C21 C21

(P-2)  (P-1)
• Cu      C12

<P-2) (p-1)
Cu      Cln

(P-2)   (P-1)
Cn    Cu

(P-2)   (D-l)
C12       C12

(P-2)   (P-1)
Cln      Cln

(P-2)  (P-1) (1)  (2) (p-2)  (p-1)
Cn       C21 •   •   •  CnlCnl   -   "   -  Cnl      C„l

0)  (2) (P-2)  (p-1)
Cnl Cnn '  '  ' Cnn     Cnn

t L. E. Dickson, Modern Algebraic Theories, p. 104.
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T is the partition i2i3 ■

of T are of the form

ip-i. The second-order minors of the £, x columns

where

Mix
(i) (i)

C(i Cxx A£x,

Ktx =

m         (p-D <2) (p-D
C(\ •  •  "  Cjji Cx\    ■  ■  ■  Cxn

(2)                 (j>-l) (2) (p-1)

Qp '   '   '   C(c Cxp    '   •   •   Cx<r

K x is a minor of the display B = (8aT) of the matrix M = (¿^ ■ ■ ■ c¿J^]

a not summed. Let a matrix M' be given by (Cf^ ■ ■ ■ G£~l

(O. • • -, (C^,) are the reciprocals of (c^),

^ = (jpTß) be the 2-way display of M' obtained by letting the partition T be

the index of the rows of ip and ß=a2a3 ■ ■ ■ ap-x the index of the columns of \¡/.

Evidently

~>P-i°PJ, where

, (c^i^) respectively. Let

ep

I   0- • • 0 •• • 01

0      • • ■ 1 ■ • • 0

0 0 • ■ • 1

Hence the rank of 0 is n.

Since Cp is non-singular and the ¿p-rank of 5X is 1, the display T is of rank

1. Hence for £, x given, the minors M(x of T vanish. Since 0 is of rank n as

displayed, the minors Kix do not all vanish for given values of £, x, whence

the products cf^c™ vanish for all values of £, x- Take c^^O. Then cx¡ =0

for all x^l- Similarly take egVO for i = 2, •••,». Then c^\=0ior a 9^ix. This

determines a matrix G which satisfies (2). All other matrices (c^ ) which satisfy

(2) are obtained from G by arbitrary reordering of the rows and columns of G-

=ip, it follows that if G is a di-(i)Since c,

agonal matrix, c,

c¿' =1 when ix=i2 =
(2)  ' (3)
aa)   t'aaj CVO, and

(p)_
Caa   —

•(1) • c (p-1)

Further

ix =

since ,»> M _ 0   when    (»i, iP) j¿ (c ,a),    taking

• =íp-xt¿íp we get  ¿$=0  when  a^ip.   Similarly,   cl2¿=0  when

a^i2, ■ ■ ■ , c%^=0 when a^ip-x.

Evidently all of the solutions of (2,) can be obtained from the diagonal
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matrices Ci, ■ • ■ , Cp as determined above by simultaneous interchanges* of

the rows and simultaneous interchanges of the columns of &, • • • , Cp. We

have proved

Theorem 1. If G, • • • , Cp are the p matrices, p^3, of order n associated

with a similar transformation in a field </>, then Ci, ■ ■ ■ , Cp are diagonal mat-

rices satisfying the condition CV = C~7 ■ • ■ C~_xor matrices obtained from these

diagonal matrices by simultaneous interchanges of the rows and simultaneous

interchanges of the columns of these matrices.

In the case p = 2, as is well known, the matrices G, C2 associated with a

similar transformation satisfy the property G = G_1, CY being the transpose

of Ci, but are not necessarily diagonal. We have here a case where the theory

for p-way matrices, p ^ 3, is much simpler than that for 2-way matrices.

By Theorem 1 the canonicalf pairs of p-way matrices, where one of the

matrices is a 5-matrix, can be written down.

An effect of a similar transformation on a given matrix is stated in

Theorem 2. Under a similar transformation in a field <f> on the indices

ii, ■ ■ ■ , ip the (ii, • ■ • , ip) diagonal elements of a p-way matrix A = (a,-,. ..ip),

p^3, are at most rearranged.

Evidently, aai...apc^i ■ ■ • cji = aa...ac^' ■ ■ ■ c^, where a has some value

between 1 and n. a in the above relation is assumed not summed.

4. Preliminary theorems. We shall prove

Theorem 3. If a p-way matrix A = iail...ip),p'^3, with elements in a field

<p, is equivalent under non-singular linear transformations in (p to a h-matrix on

Hi, ■ ■ • ,ip), the characteristic matrix M = (piai,2...,-,+ • ■ ■ +p„ani2.. .ip) can be

chosen non-singular for at least one set of values of pi, ■ ■ ■ ,pnin<j>.

Let 5 = (5,,...,p) representa 5-matrix on (¡i ■ ■ ■ jp), and let 5i = («51Í2.. .ip),

b2 = ib2j2...,1)), ■ ■ ■ , on = (8n3,•••),). Let the characteristic matrix (pi5i+ • • •

+p„5„) of Si, • ■ ■ , S„ be given by W=(wh...jp). The ¿..-layers JJi, ■ ■ ■ , Un

of the matrix L = (cj^dj,.. .¡p) obtained after the non-singular linear transfor-

mation (li) on x-^ of

f -     V       -(1> -<p>r / ,       Xjl   ... Xjp

;', = •.. = 3„=1

are related to Si, • • • , 8„ by the relations

* By a simultaneous interchange of the i andj rows of G, • • • , CT is meant the interchange of

the i and/ rows of G, • • • , the interchange of the i and y rows of Cp.

f "Canonical" is used in the same sense as in the ordinary theory of bilinear forms and 2-way

matrices. See Dickson, op. cit., p. 89 ff.
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TT U)S        L _L       (1)S
U1   —   Cu Ol -f-   ■   ■  ■   -\- Cnl On

Un   —   Ci,, Ox -+-   ■  ■   ■   -t  Cnn 0„.

The characteristic matrix W of Ux, ■ • • , Un is given by W = (o-xUx + ■ • •

+cBT7B). W' can be obtained from W by the non-singular linear transforma-

tion on the p's given by

(3)

(i) (i)
P\   —   Cn 0~i +   •  •   •   +  Cln On,

(1) (1)
Pn   —   Cnl °~1 T"   "   '   "   T Cnn 0"B.

If Pi= • • • =pB = l, then W is the non-singular 5-matrix on (j2, ■ • • ,jp). By

equations (3), <ri, • • • , vn can be so chosen that W is non-singular.

Non-singular linear transformations (12), • • • , (1„) on xfj, ■ ■ ■ , xfj as-

sociated with L correspond to the transition from W = (W'ii.. .¡) to W"

-(Wh...ivc%, ■ ■ • c£L). If o-i, • • •_, «rB are so chosen that W' = (e<£- ■ • eg),

where (efl), ■ ■ ■ , (ef¡) are non-singular matrices, then

which is obviously non-singular. This completes the proof of the theorem.

Theorem 3 gives a necessary condition for the non-singularity of a given

matrix. If p = 3 it is very easy to test a given matrix by means of the theorem.

For p>3 no simple general method has been found for applying it.

Let T = (Ti, ■ ■ ■ , Tm) denote a set of 2-way matrices of order n with ele-

ments in a field </>. If the set T is to be equivalent to a set of diagonal matrices

under similar transformation* in </> it is necessary that 7\ be equivalent under

similar transformation in c6 to a matrix of the form

D =
0   ■

rja

where n, ■ • • , r? are mutually distinct scalars, and Ih • ■ ■ , Iß are Kronecker

deltas. The condition for such equivalence is given in the

Lemma. A 2-way matrix Tx is equivalent under a similar transformation

in (p to a matrix of type D if and only if the invariant factors of (Ti—XI), where

I is a Kronecker delta, split up into distinct linear factors in (p.

* For a treatment of the equivalence of 2-way matrices under similar transformations see L. E.

Dickson, op. cit., p. 89 ff.
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Let the set T now be reduced to D, T{, ■ • • , Tm under similar transforma-

tion in <f>, and let

T' =

Ta _Ti2 • * * Tin
8

T21     .

rj.8 '           '                   rT,8

1 ßl I ph

is = 2, ■ ■ ■ , m),

where T¡, is of the same order as 7¿ for i = 1, ■ ■ ■ , p. The most general matrix

X which satisfies the relation XDX-1 = D is of the form

X =

Xu
0

xu

where X„ is of the same order as 7«, for <r = l, • • • , p. Under similar trans-

formation with X, X-1 the matrix T,' goes into

77 ' =

XnTnXn XnTi2x22 ■

X22T2iXn

{ XppTpiXn

a       -1• XiiTipX^

' ' tilt -*   tifl-**. u

for j = 2, • -, w. If 77' are diagonal matrices, XaaT'af¡X'¡¡¿=0 for all s and

a^ß, whence T'aß = 0 for all s and a^ß. Further, for every a, the matrices

X^TlyX'*, • • ■ , X„,TZaX~l must be diagonal matrices. We have proved

Theorem 4. Let 7\ of the set T = (Ti, ■ ■ ■ , Tm) of 2-way matrices of order

n satisfy the Lemma. The set T is equivalent under similar transformations in <p

to a set of diagonal matrices if and only if 7"^ = 0 for a^ß, aß = l, • ■ • , u,

s = 2, ■ ■ ■ , m, and the set ~Z„ = iTlŒ, ■ ■ ■ , T^c) is equivalent under similar trans-

formation in <f> to a set of diagonal matrices for every a for which the matrices

in 2„ are of order greater than 1.

The analogue of Theorem 4 for p-way matrices, p ^ 3, is given in

Theorem 5. If p ^ 3, and the p-way matrices 7\, • • • , Tm of order n with ele-

ments in a given field <p are equivalent under similar transformation in <p to a set

of diagonal matrices, the matrices Ti, • • • ,Tm are diagonal matrices.

By Theorem 2 the (it, • • ■ , iP) diagonal elements of a matrix T„ = i}\.. .ip)

are at most rearranged under similar transformation on ii, ■ ■ ■ , iP.

Theorem 5 can be used to test the equivalence of a set T = (Ti, • ■ ■ , Tm)

of p-way matrices, p^3, of order n, where 7\ is non-singular, to a set of
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diagonal matrices. Under reduction of Ti to b, where b is a p-way ô-matrix

of order n, the matrices T2, ■ • ■ , Tm go into a set S = (r2i, • • ■ , Tml). It is

evident that- the set T is equivalent to a set of diagonal matrices if and only if

the set 2 is equivalent to a set of diagonal matrices under similar transforma-

tion.

5. Necessary and sufficient conditions for a matrix to be non-singular.

We have the following factorization property of non-singular matrices.

Theorem 6. A p-way matrix A = (ail...ip), p^3, is non-singular if and

only if A can be factored into the form (cQ ■ ■ ■ c%j), where (c^'), • • ■ , (c%¡p)

are non-singular.

The 5-matrix (bh...jp) on (j\, ■ ■ ■ , jP) can be written as (ball...bajp),

where (5ail), • • • , (bajp) are Kronecker deltas. If A is non-singular, we have

(a¿,...,•„)   —   {Oj1...jpC,lil  •   •  •   Cjpip)   —   iOaj^i,,,  ■      •   OajpCjpip)   —   {Cai,  '   '   -   Caip) ,

where (c^), • • • , (c¿5) are non-singular 2-way matrices.

Every matrix which can be written in the form

(4) (c«<, • • • cfip) (« = 1, • • • ,«),

where the rank of (c¿') is m and the ranks of (c®2), • ■ • , (c^) are all equal

to n, can (regardless of the ranges of ii, ■ ■ ■, ip) he reduced under elementary

transformations* to

N = (cail • • • caip) (n = 1, • • • , m; a,i2, ■ ■ ■ , ip = 1, • • • , «),

or N bordered by zeros. Our theorems, which will be stated for N instead of

(4), will therefore hold for more general cases.

Let E denote the matrix («»-,...t,); ix = l, ■ ■ ■ , m;i2, ■ • ■ , iP = l, ■ ■ ■ , n.

We shall now prove

Theorem 7. The matrix E with elements in a field 0 is factorable into a

matrix of type N with elements in c/> if and only if E is non-singular on ix, and

the iylayers of E are equivalent in (p to a set of diagonal matrices.

The î'i-layers of E must be linearly independent since the î+rank of N is m

and this rank is invariant under non-singular linear transformations.

Let (C$2), • • • , iC¡%p) be the reciprocals of (<$), ■ • • , (c£) respec-

tively. Ii E = N, then

(5) {eil...ipCi,a, ■      ■  Cipap)   =   (Cm'^ao, '       '  Saap) ,

* For a discussion of elementary transformations see Bôcher, Introduction to Higher Algebra,

p. 55. Elementary transformations leave the factorization property (4) invariant.
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where (Sa„2), • ■ • , ibaap) are Kronecker deltas of order n. Equation (5) is

equivalent to the set

. (2) (p)      _       CD
\fi\if • -tp     l2a2   "        '   ^ ¿pup/ ^at'1Oaa2   '   '   "   ^ocap) j

(6) .
, „(2) (P)  .    _   ,   CD .
{emi.¿.. .ipL.t2a2 ■   ■   •  WpapJ ^amOattJ  •   •   •   0aOp) .

The matrices (cä,5aa2 • • • 5aav), • • • , (c^S««., ■ • ■ ôaap) are diagonal matrices.

We have proved that if E is factorable into a matrix N, then the ¿»-layers

of E are linearly independent, and equivalent under non-singular linear trans-

formations in <p to a set of diagonal matrices; the converse is simply proved.

We have now determined enough conditions to test the non-singularity

of a given matrix A = (a¡,.. .ip), ix, ■ ■ ■ , ip = 1, ■ ■ ■ , n. The procedure of this

test is as follows. Determine whether or not the necessary condition of Theo-

rem 7 concerning the non-singularity of A on ix is satisfied. If A is non-singu-

lar on ii, determine (if possible) whether or not the necessary condition of

Theorem 3 is satisfied. If so, choose the matrix M mentioned in Theorem 3

so that it is non-singular. Let the p's and the ¿i-layers of A be ordered so

that pi^O. Let Ax, ■ ■ ■ , An designate the ¿i-layers of A. Determine by Theo-

rems 4 and 5 whether or not the set M, A2, ■ ■ • , An is equivalent to a set of

diagonal matrices. If not, A is singular.* If the contrary is the case, and p = 3

(similarly for p^4), then there exist non-singular matrices X, Y such that

XpiAiY = Di, XA2Y = D2, ■ ■ ■ , XA„Y = Dn,

where Dx, ■ ■ ■ , Dn are diagonal matrices. Multiplying the last (n — 1) equa-

tions by P2, • • • , pn respectively and subtracting the resulting equations from

the first, we obtain XpxAiY=Di— Ei_2»°i^)i- The matrix on the right is a di-

agonal matrix, from which it follows that the set ^4i, • • • , An is equivalent to

a set of diagonal matrices. Theorem 7 is now satisfied, and A is non-singular.

In certain situations the non-singularity of A is at once evident from Theo-

rem 6.

Let Ai, ■ ■ ■ , An be the ¿i-layers of A = ia^.. .ip) with elements in a field

(j> and p = 4, and let pi, • • • , p„ be chosen so that the characteristic matrix

M =(22i_ipiA) is non-singular for pi^O. Let the transformations which re-

duce M to a S-matrix reduce ^42, • • ■ , Anto A{, ■ ■ ■ , Añ. Theorems 5 and

7 imply

Theorem 8. The matrix A = (a¿1...¿J)), p^4, is non-singular if and only

if A is non-singular on it, and the matrices A2, ■ ■ ■ , An are diagonal matrices.

* A matrix not non-singular is said to be singular.



432 RUFUS OLDENBURGER [May

If A = (o^iji,) is a 3-way non-singular matrix of order n and Ai, ■ ■ ■ , An

are the ¿i-layers of A, by Theorem 7 there exist non-singular matrices X, Y

such that
XA{Y-Qi ii = 1,- • • ,n),

where C¿ are diagonal matrices. The matrices X, Y can be obtained from

Theorem 4 and the theory of bilinear forms. Arrange the matrices Q< to form

the rows of a 2-way matrix P. Since the ¿i-rank of A is n, there exists a non-

singular minor V of P. The matrix V^P is a 2-way display of a matrix 5,

where 5 is a 3-way 5-matrix of order n. The matrices V'~\ X', Y (the primes

here denote transpose) are hence matrices which reduce A to b under trans-

formation on ix, i2, i3 respectively. The matrices of reduction from a p-way

non-singular matrix, p ^ 4, to a 5-matrix are obtained similarly.

We define the factorization rank of a matrix A = (a¿1... ip) to be the

minimum value of e for which the matrix A can be written in the form

CCl-i^ • • • c%p), where (c£j), ■ ■ • , (c^) are 2-way matrices. This rank

is invariant under non-singular linear transformations. The factorization rank

of a matrix (El=i4, ■ ■ • $,) is n if all of the matrices (<££), • • • , (c^) are

non-singular.

In another paper* the author has defined certain ranks of a p-way matrix

which are invariant under non-singular linear transformations. The following

theorem is easily proved.

Theorem 9. A p-way matrix A of order n is non-singular if and only if all

of its invariant ranks are equal to n.

6. Note on invariant factors. The matrix W =(22™_ipiBi) used in §2 sug-

gests the following generalization of ordinary invariant factor theory. Let

Bi, i = l, ■ ■ • , m, he square matrices of order n. Let Gt be the greatest com-

mon divisor of the minors of W of the tth order, and let Go = 1. We define the

tth invariant factor of W to be the quotient Gt/Gt-i- It is determined up to a

constant factor. It is assumed in factoring the minors of M to obtain the G,,

1 = 0, I, ■ ■ ■ , n, that the factorization is performed in a given field.f Now

when Bi, • ■ ■ , Bm are multiplied, by non-singular matrices the quotients

Gt/Gt-i are invariant. If

Bi = axxBx + ■ ■ • + a\mBm,

_ Bm   = axmBx + • • • + ammBm,

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35

(1934), pp. 625, 633, 634.
t It is to be noted that for m à 3 a minor of W cannot always be factored into distinct linear fac-

tors in a field. To obtain linear factors it is necessary in general to use the quasi-field of quaternions

and other generalizations of fields.
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and the matrix of coefficients is non-singular, then the invariant factors of

W' = (axB( + ■ ■ ■ +amBJ ) can be obtained from the invariant factors of W

by the transformations

Pi = «liai + • • • + amiam,

Pm — aimai + • • • + ammam.

Hence powers of terms occurring in invariant factors go into like powers un-

der the transformation from the set Bi, ■ ■ ■ , Bm to B(, ■ ■ ■ , BJ. .

The determinant of W in the proof of Theorem 3 where p = 3 is the only

invariant factor of W distinct from unity. This determinant factors into dis-

tinct linear factors in any field <p. It follows that if A is the determinant of

the characteristic matrix of the ¿-layers of R = (r,;») and R is equivalent in <f>

to a S-matrix on (i, j, k), then A factors into distinct linear factors in 4>, and

is the only invariant factor distinct from a constant.

An exact generalization of the theory of this section holds for /»-way mat-

rices p S; 3, where the invariant factors are defined in terms of space determi-

nants.

Chapter II. Factorization of p-WAY matrices into a product

OF 2-WAY MATRICES ONE OF WHICH IS SINGULAR

7. Introduction. By Theorem 7, a matrix A = iail...ip); ii = l, ■ • • , m>

i2, ■ ■ • , ip = l, • ■ ■ , n, can be factored into a matrix ^4 = (c^| • • ■ c^');

a = l, ■ ■ ■ , n, where (c«/,)» • • • , (¿1?) are non-singular on ii, ■ ■ ■ , ip respec-

tively, if and only if the ¿i-layers of ^4i, '• • • , Am of A are linearly independ-

ent, and are simultaneously equivalent to a set of diagonal matrices. To com-

plete the treatment of factorizations of the above type where (c^) is singular

we must obtain necessary and sufficient conditions for the equivalence of

Ai, ■ ■ ■ , Am to a set oí diagonal matrices. We do not assume as in the

treatment of a non-singular matrix A that there exist values of pi, ■ • • , pm

not all zero such that pi^41 + • • • +pm^4m is non-singular.

Using an essentially different technique we derive first (Theorem 10)

the canonical diagonal 2-way matrices G, • • • , G to which diagonal matrices

Ei, ■ ■ ■ , Eq are equivalent under non-singular linear transformations, and

then obtain necessary and sufficient conditions (Theorems 12, 13) for the

equivalence of a set of 2-way matrices G, ■ ■ • , G, ^"¿+i to a set of diagonal

matrices.

To test the equivalence of a set S = (Ax, ■ ■ ■ , Am) of 2-way matrices to

a set of diagonal matrices, reduce ^4i to a canonical diagonal matrix G. If

this is not possible (this is very easy to determine), it follows that the set 5
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0

0

is not equivalent to a set of diagonal matrices. If A i is equivalent to a matrix

G, reduce ^4i to G- The remaining matrices of S are simultaneously trans-

formed into a set A2, ■ ■ ■ , AJ respectively. Apply Theorems 12 and 13 to

determine whether or not the pair G, A2 is equivalent to a pair of canonical

diagonal matrices G, C2. If not, the set S is not equivalent to a set of di-

agonal matrices. If on the other hand the pair G, A2 is equivalent to a pair

G, G, reduce G, A2 to G, G- The remaining matrices in the set 5 are then

transformed into a set Ai', ■ ■ ■ , A¿'. Now apply Theorems 12 and 13 to

G, C2, Ai'. Continue this process until one finally arrives at a set of canonical

diagonal matrices G, • • • , Cm to which the set S is equivalent.

8. Canonical diagonal 2-way matrices. Adopting the notation used by J.

Williamson in a recent paper* we shall write the "diagonal block matrix"

G

C =

C,

where G, • ■ ■ , C are square minors of C, in the form

C= [Ct, •••,C.].

Let the letters 7, p with superscripts and subscripts denote a Kronecker delta,

and a parameter respectively. We shall prove

Theorem 10. 7,e/ S = (Ei, • ■ ■ , Eq) denote a set of diagonal 2-way matrices

of order n with elements in a given field <p. The set S is equivalent in <p to a set

S' = (Ci, ■ ■ ■ ,Cq), where

(7i) G= [7¿0],

(h) c2= [st, si],

and

(8i) Si = [pih, ■ ■ ■ , Ptlt],

(82) S¡= [if+i,0];

the pi2, ■ ■ ■ , p2 are all distinct, and the matrix Si1 is of the same order as I11 ;

in general any pair in the set S' is of the form

(70 C,= Ipi7i, • • • , p,(i)_i7,(,)_i, 0-7,(,)J,

(7,+i)        C;+i= [Si, ■ • •  , S„(,)J,

where

* Simultaneous reduction of two matrices to triangle form, American Journal of Mathematics,

vol. 57 (1935), p. 282.
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Co \ e*     r i+V+1 i+V+1l(9l) ¿l=lPl    II     , ■  • ■   , Pmilmi J,

co ï c*'_r *¥i   Ti+1 <+1     Ti+1     1
\yi) 02— [pm,+limi+l, •   •   •   , Pml+m,l m¡+m2\,

(o      ^ c*     -T *+1 T*1 ,+ tx+ 1
\?t(i)-l) 0«(»)-l — LPi»H-|-r»,(i)_2+lim1H-hm,(i)_j+l,  '      ' , Pmrf-(-«SCO-l   otjH-M»,(»)-l 1 )

(9,«))     S,(i-,= [7mi+...+m,(j)_1+i, 0],

and where the p's in each matrix Si, ■ ■ ■ , S\^)-i are distinct, and the orders of

the matrices Si, ■ • ■ , S¡^ are equal to the orders of 7i*, • ■ • , 7,'(<) respectively.

At the same time we shall prove

Theorem 11. The matrices X, Y which satisfy the relations

XCxY = Ci, ■ ■ ■ , XdY = d

are of the form

(10) X =

F =

Xu

0

Xïi\

0

. YS(i),i

Xi,,«)

X,(i)-i,,v(.)-!.»«)-l

-X,(,),,«> J

A^,(i)_i,,(f)_i

Y.(i),.u) J

where Xxx, • • • , XHi)tS(i) are of the same orders as I\, ■ ■ ■ , 7,'{i) respectively.

If E] is of rank r, Ei is obviously equivalent to G, where l\ is of rank r.

It is readily verified that if XCxY = G, then

_ /Xxx    XiA _ /Xxx     0 \

' \ 0     X2J' ' \Y2i     Y22)'

where In is a minor of order r.

Assume now that Eh ■ • • , 7s¡ have been reduced to canonical forms

G, • • • , d and that X, Y are as given in (10). Let Ei+i be denoted by

[Pi   , ■ ■ ■ , P,d)],

where the minors P\+1, • - • , -Pi©1 are of the same orders as I[, ■ ■ ■ , 7ÎC<). Let

-Xi.«(i>, • • • , Xs(i)-x,sii), F,(,-),i, • • • , FS(i),«(¿)-i be set equal to zero. Then
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XEi+iY — [XiiP¡   Zu, • • • , XH0^fi(iMP»{o-Ä«)-.if*(O-ii

Ar,(j),«(.-)7,.(,)F,(,-),,(,-)j.

Choose the non-zero minors of X, Y so that

Y   pi+ly-1 V p»'+l    y-1
A1U i     Jy\\ ,  • •  • , ■A,(<)_iI>(,)_i.f«(i)_i.A»(i)_i,,(i)_i

are in the classical canonical forms* Si*, • • ■ , S'(,)_i, and choose I„fl,,w,

F,(i),,(i) so that XHi) ,.ii)P>,'ftY,iii ,tli) is a Kronecker delta bordered by zeros.

The matrix Ei+X has now been brought into a canonical form of type G+i-

It is readily verified that the matrices X, Y of (10) which satisfy the rela-

tion

XCi+iY — Ci+i

are of the form

X' =

X'n y'

Xm 1+1, m i+l

-A»>i+...+>n,(j),mlH-+">,(,)    j

Y' =

x'ñ1

•» m i+I,m !+1

0

y'•r m H-+m,(¡),l
... y'

x  mm H-+'"i(,).»n1H-+ m,{i)

where toj(í)=2, and Xñ, ■ ■ ■ , XLl+.. .+«,,(<)_i,«,+.. .+m,(i)-i are of the same

orders as 7J+1, • • • , /JJÎ(....+»m()_i respectively. Theorems 10 and 11 now

follow by induction.

9. Necessary and sufficient conditions for the equivalence of a set of 2-

way matrices to a set of diagonal matrices. Two-way matrices Ft, • • • , Fm

are equivalent under non-singular linear transformations to a set of diagonal

* This reduction is accomplished by rearranging the diagonal elements of £,+i. Hence the reduc-

tion of E¡+i can be accomplished in any field <t>.
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matrices if and only if Fi, • • • , Fm are equivalent to a set of canonical diago-

nal matrices Ci, • ■ • , Cm as given in Theorem 10. We shall therefore prove

Theorems 12 and 13 below.

Write

F* =

A\i

A"2i

^4i.«(¿)

'•(O.l A,a«).«(••)

ip = i + I, ■ ■ ■ ,m),

where Axx, A22, ■ ■ ■ , A"s{i) _,{i) are of the same orders as7i', 14, ■ ■ ■ , 7](i) re-

spectively. These last matrices are minors of the matrix G of Theorem 10.

Theorem 12. Let 2 = (G, • • • , G, Fi+i, ■ ■ ■ , Fm) be a set of 2-way matrices

of order n with elements in a field (p. If At^,,^ =0 for p=i+l, ■ • ■ , m, the

set 2 is equivalent in 4> to a set of diagonal matrices if and only if the following

conditions are satisfied :

(a) Aas=0; a^ß; a, (3 = 1, • • • , s(i), and p = i+l, ■ ■ ■ , m.

(b) A¿+i
A™7 are equivalent in (j> for every y in the set 7 = 1,

s(i) — 1 to a set of diagonal matrices under similar transformation.

Let X, Y be given as in (10). We shall denote the matrices F i = XF„Y by

F'1 u

bTu

B2i

Bl2 Bi,, (•)

B,a(O.l b:•«j.»») ¡

(p = i + 1, • • ■ , m),

where the minors B& are of the same orders as Ay for k, 1 = 1, ■ ■ ■ , s(i). Now

7>a,S(i) = XaaAa,S(i)Y ¡i^i) ,s«), a = 1,- • -, s(í) — 1. Also T>„(¡) ,a = X,^ ,,^i-¡A S(¡) ,aXaa ,

a = l, ■ ■ ■ , s(i) — l. If the matrices F i are diagonal matrices it is necessary

that Ba,,li)=B",(i),a=0 for a = l, • • • , s(i) — l, whence Ali,,Hi)=Atii),a=0,

a = 1, • • • , s(i) — 1. Substituting these results in the formulas for the remain-

ing elements of 7% we find we must also have A^=0 for a^ß; a, ß = l, ■ ■ ■ ,

s(i) — 1, and the set of matrices A'^/, ■ ■ ■ , A*y must be equivalent for every 7,

where 7 = 1, • • • , s (i) — 1, to a set of diagonal matrices under similar trans-

formation. Necessary and sufficient conditions for such equivalence are given

in Theorem 4. We have proved the necessity of the conditions of Theorem 12.

They are also evidently sufficient.

If .4ÍÍ)1,,«) is of rank r'^0, the matrix Fi+l can be reduced under trans-

formations leaving G, • • • , G invariant to a new matrix Fi+x in which
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(11) A,(ii,,(i) — [7,(,+i)_i, 0],

where 7,<i+i)_i is a Kronecker delta of order r'. Write

.«•+1 ,.[1]        .12]      . i+l /^«(.),p\

■A.?,,«) — {.■Ap,,(ï)Ap,e(i)), -4«(i),/¡ — I     [2]      I,
\^4s(i).p/

where p = l, • • • , s(i) — l, and the A[p\w have r' columns while the A1^^

have r' rows. We can now state

Theorem 13. 7,e/ the minor A1,^,^ of Fi+X be reduced as in (11). The set

of matrices 2' = (G, • • • , G, Fi+i) is equivalent in afield <p to a set of diagonal

matrices if and only if the following conditions are satisfied :

(a) A%,p=AiX=0forp = i, ■ ■ ■ ,s(i)-l.
(b) Atf»jtiLaA%.,l a*ß; a, ß = l, ■■■ , s(i)-l.
(c) The invariant factors of the matrices A1^,1 —Aa\(i)A§)a—'Kla, a = l, ■ ■ -,

s(i) — 1, where the Ia are Kronecker deltas, factor into distinct linear factors in <p.

The non-singular matrices X,«),,«), Fs(i)tS(i) which transform A',^Mi)

= [7](t|i)_i, 0] into itself, so that Xs(i),s(i)^,,^,(0F8(i),<(¡) =Ax,$Mi), are of the

form

_ (Wn Wi2\ /wTi   o \

'•«-«■ U    wj       Ysii)Mi) - Ui   vj'

where Wn is a minor of the same order as 7,J+U_,. If the set 2' is to be equiva-

lent to a set of diagonal matrices, it must be equivalent to a set G, • ■ • , G+i,

where Sl{i) =^4,(|)1i,(i). The matrix Ss'(¡) is a minor of G+i as in Theorem 10.

The matrix Fi+i must then be equivalent to a matrix G+i under transforma-

tions X, Y which leave the set 2" = (G, • ■ • , G, Al^],^/) invariant. If such

matrices X, Y exist, then X-1, F-1 also leaves 2" invariant. If X77i+iF = G+i,

then Fi+i = X~1Ci+iY~l. Hence the set 2' is equivalent to a set G, • • , G+i if

and only if there exist matrices X, Y leaving 2" invariant such that

(12) Fi+i = XG+iF.

If there are to be matrices X, Y, G+i such that (12) is satisfied, it is readily

seen by equating matrices that the following conditions must be satisfied :

<+i /Wu   0\ i+i /Wa   0\
(13) -4.(i),i — I I F,(,),i; • • • ; j4««),»«)_i ~ I )F,<,),«<o-i;

i+i     _ (W~ii   0\ <+. (Wïi   0\
(14) -4i,,<o =Xi,,(,-)( ];• •• ; ^48(¿)_i,s(,) = X,(¡)-i,.(¿) ( 1.
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Let

Ysw.ß — ( J,        X„,^i) — (Xf Xf)

for p = 1, • • • , s(i) — 1, where F/ has r' rows and Xf has r' columns. By (13)

and (14) we have

(15)

Further

(16)

A l2] A [21 n
A,(i),p  — Ap,,(i)   —  U (p= 1, ••• ,s(i)- 1).

Fi = WnA,Wii, , ^»(o-i - t^n^«(i),«(>)-i;

A\ — j4i,«(t)IFii, • • • , Xa(i)-i — ̂ 4»(i)_i,t(<)Wii.

Substituting (16) in XCi+iY, and using (15), we get

XCi+iY =

m m tu
(XnSiA'ii + j4i,«(t)^4s(i),i)     Aiit

m

A W       A U] ■
^2,s(i)^i(i),l

All] A111
^1«(«)-1,«(>)^«(0,1

-^«(l).l

^l,j(i)^«(t),»«)-!

i A ,(,-)^e(i),2

Ai+1
Al,*(,<)

•  ^A,(f)_i1,(i)_iO,(,-)_iA,(,-)_i,,(,-)_i -f- ^,«)_i,((t)^««),«(0_i;  •  •  • ^,(¿)_i,,(,-)

. *+l . t+1
^l»(i'),«(i)-l ■  •  •^1»(0.»(0

To have the above matrix equal to Fi+i we must have

.¿+1 . HI . [1] ,    . O 1 /-.\ 1
Aaß   = Aa,sii)AHi),3;        a ¿¿ ß;        a, ß = 1, ■ • ■ , sil) — 1.

Also X„«5„i^1+ilül(<)il.lä ,a = A'al1, whence ¿It1 -¿«j^.'iL must each be

equivalent under similar transformation to a diagonal matrix for every a

where a = 1, • • • , s(i) — 1. The necessity of condition (c) of the theorem now

follows from the lemma, §4.

We have proved the necessity of the conditions of Theorem 13. The suffi-

ciency of these conditions is evident.

10. Necessary and sufficient conditions for the equivalence of a set of

/»-way matrices, p S: 3, to a set of diagonal matrices. We shall now state the

analogues of Theorems 10 and 11 for p^3.
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Let G, • • ■ , G be p-way matrices, p^3, of orders »1, • • • , », respec-

tively. Let a p-way matrix C of order «i+ • • • +n, be constructed in a

p-space by placing the matrices G, • • • , C, in a non-overlapping fashion on

the principal diagonal of C so that the principal diagonals of G, • ■ • , G form

the principal diagonal of C, and let the elements of C not in these "minors" be

zero. The matrix C will be denoted, as in the 2-way case, by C = [G, • • • , C,].

Let the quantities X, 5 with or without subscripts and superscripts denote a

p-way non-singular diagonal matrix and a p-way 5-matrix respectively. We

can now state

Theorem 14. Let S = [Ei, ■ ■ ■ , Eq] be a set of p-way diagonal matrices,

p^3, of order n with elements in a field 4>. The set S is equivalent in <p to a

set S' = (Ci, ■ ■ ■ , Cq), where

Ci = [Sx,0],        C2= [Sx, Ti],

and

Sx = [Xi2, 0],       7i = [i,,0];

the matrix Si is of the same order as ¿>i ; in general any consecutive pair in the

set S' is of the form

Ca   —    |Xl,   0,   X2,   0,    '   *   '    ,   Aff(a),   0,   5a, OJ,

r      a a cc or a ce ,

G+l =   [Ql,  Rl, Q2,  R2,   ' • '   , Q<r(a),  Ra(a), Sa,   Ta],

(q = 1, • • • , o-(a)),

(r = 1, • • • , o-(a)),

and cr(a) =2"~1 — 1, a^2, and the minors Q", R", ■ ■ ■ , (??<«), R"m> S«, Ta are

of the same orders as the corresponding minors X", 0, • • • , X"(a), 0, ba, 0 of Ca.

Let i,j, ■ ■ ■ , k, I be the indices of the matrices G, ■ • • , Cq. As we prove

Theorem 14 we shall also prove

Theorem 15. Let A" = ia\ß), B« = Q))y), ■ ■ ■ , C« = iclT), D" = idqu) denote

matrices which, under non-singular linear transformations with these matrices on

the indices i,j, • - • ,h,l of the matrices in the set S' = (G, • ■ ■ ,Cq), leave the set

S' invariant or at most reorder the elements of the minors X„\,m = l, ■ ■ ■ , o~iq), of

Cq independently for each m. The matrices A", • ■ ■ ,D" are of the form

where
„a r   a+1 n

Qq = [X2q.x, 0]

_a p   a+1     „ i

Rr = [x2r , 0]

r    a+X

Sa   =    [X<,(a+1) ,   0

Ta   =    [Sa+1,   OJ,
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A"

A¡i

AX2

A2i

A„(,q)+i,i

Ac(q)+l»((,)+!,1

^4<t(í)+1,2 J

(17)

D" =

D\i

D\2

Dit

Dn

D<,(q)+1,.

7>a(5) + l(5) + l,l

7>„(s) + l,2 J

where D^A^B^ ■ • ■ C~ for 7 = 1, ■ ■ ■ , <r(q) + l; D"y2 = A\2B\2 ■ ■ ■ C\2

for 7 = 1, ■ • • , <r(q); and corresponding minors in the sets iAqn, ■ ■ ■ , ^4'(s)+i,i),

• • • , (D\i, ■ • • , 7)'(g)+i,i) are of the same orders as \iq, \2", ■ ■ ■ , X|(i), 5a re-

spectively; the remaining minors of A", ■ ■ ■ , Dq are of the same orders as the cor-

responding zero minors of Cq; also, every minor except the last on the diagonal of

each matrix A", ■ ■ ■ , D" as written in (17) is a diagonal matrix. The matrices

A", ■ ■ ■ , Dq may also be of the types obtained from those given in (17) by simul-

taneous interchanges of the rows and simultaneous interchanges of the columns of

the minors in each of the sets iAliq)+i,t, ■ ■ ■ , 7?'(4)+i,i), iAlB, ■ ■ • , D*ß);

a = l, ■ ■ ■ , oiq); ß = l, 2, these interchanges being made independently for each

set.

If there are u\ non-vanishing elements on the diagonal of Eh it is evident

at once that Ei is equivalent to G, where Si is of order u\.

Denote G by (<$...*>) for every a. If (c¿...^a¿/>/7 • • • c¿d¿) = (c>¡...kl),

then

(18)

i

(  E aaßbay ■ ■ ■ caTdat \ = 0

for 7, r, é = 1, • • ■ ,nandß = u\ + l, ■ ■ ■ , n. By (18), QP = 0 where
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<? =

(¿>ii • • • cndii)   (¿>2i • • • c2id2i)

(¿>11 • • • CiiO*i2)

ibu

ib\i

ib\n

Clldln)

ci2dn)

Clndln)

■ ibu[,i ■ • ■ cu\,xdu\:i)

■(V*     • ■ • r1'   d*1   1

P =

nX   >        n      »ai,Ul+i  ai>tll+2

i

a2.Ul+i

i

1 1

l aUliUl+i    •       • • • fl»ii,B   J

Q is a minor of the display G = ig,\) ; k=y, ■ ■ ■ , r, e; X =/, • • • , I of the matrix

J = BlX • ■ ■ XG XT)1. By a lemma proved in another paper* by the author,

G is non-singular since B1, C1, ■ ■ ■ , D1 are non-singular. Hence Q is non-

singular on its columns, and P = 0. Similarly,

h1  « h1  'Ol,Ul+l Oi,Kl+2

02,U!+1

O   '      »

¿1,M

61'ya i ,n

¿Lu'i+l «l.ul

a,2,„J+i

+ 2

d «   '"■«l.ui +1

¿1.,

• • a" »

= 0.

Also

/¿ii i \
(   Z^ aagbay ■ • ■ dac ) — 5,

where 5 is a ô-matrix on iß, y, ■ ■ ■ , r, e) and ß,y, ■ ■ ■ , t = l, ■ ■ ■ ,u\. Apply-

ing Theorem 1 we obtain

A1 =

i
an

0

A'

a '   'wi.wi

Bl

blx
0

0      bulul

B' B'

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35

(1934), p. 625.
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D1-

dn
0

0       du\,a\

D' D' .

or matrices obtained from A1, Bl, ■ ■ • , Dl above by simultaneous inter-

changes of the first u\ rows and «i columns of A1, ■ ■ • , D1.

Assume that Eu ■ ■ • , £a_i have been reduced to G, • • ■ , G-i, and the

matrices
. ct—1 <*—1.      .„<*— 1 ,,tt-l, „a—1 , ,«-1.

A       = iaiß  ),B       = ibiy ),■■■ ,D      = id,.   ),

which satisfy the relations

a-l       a-l   a-l a-l a-l a-1

(Cij.-.iaiß      Djy        ■    ■    •    dl,      )    =    (Cßy...,)    =    {Ci,...l),

are of the form

A-1-

a"-1An

A 12

A2i

D"-l =

Du

7>12

A22

a"-1
^a(a-l)+I,3

D2i

a"'1
^Iff(a-l)+l,l

Ac(a- D+1.2

7>22

a-l

D„(a-l)+l,3

0

a-l

T'jfa-ll + l,!
a-l

D„(a-1) + 1,2 I

where these matrices satisfy the properties mentioned for A" in Theorem 15.

It is evident at once that Ea can be reduced under transformations with

A"-1, ■ • ■ , D"-1 to a matrix of type Ca.

We shall now restrict the matrices A"-1, • • • , D"~l so that

(19)
a a—la—1 a-l

{Cij...iQiß  bjy   • • • du   ) = Ca.
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Let the orders of the minors X", X2, • • • , X"(a), ba he denoted by u", u2, ■ ■ ■,

w"(«), M»(a)+i respectively; and the orders of the zero minors between these

minors by v", ■ • ■ , v°w+l respectively. Let 2a = w? + • • • +u"w+vï

+ ■■■ +«CW. By (19),

Sa+«°(a)+l

(20)

(2a+i«r(a)+l _

22        axß   bXy
X-ï0 + l

if 7, • • • , e = 2a + l  • ■ ■ ,n, and 0 = 1,

dxV1) = o

, 2„. By (20) rir2 = 0, where

r, =

a-1 a-1

"z«+l,l      a;a+2,i

a-1

ava+i,2

a-1

I aZv+X.Za

f ibla+l.Ta+l

r2 =

a2+„;(a)+1,i

a-1

asa+u"(a)+l,2a

d?„+i,u+i)

ib'2a+»,(a)+l. 2.+ 1

,«-1 .
ds«+«°(«)+l.2«+^

'   -   -   ibla+l.n dj:a+l,n)

a—1 a—1

•   (Osa+«°(¿)+1,B  •       •    dsa+u"ia)+1,n)   J

Since 73a_1, • • ■ , Da~l are to be taken non-singular, the minors

a-1

■D»(a-1)+1,2   —

a-1

7>T(a-l)+l,2  =

OX.+ l.Za+l  0za+l,Za+2

OI.+2.2.+ 1

On.Xa+i

«Î«+1,Z«+1 a2a+i,2a+i

aja+2,r„+i

I w"-1i a„,2a+i

'2.+ 1.»

C1   J

[2«+l,»

are non-singular. By the lemma of another paper mentioned above,* the

display Í2 = (cox^) is non-singular, where Í2 = 5"(a1_i)+i,2X ■ • • XDc"~li)+i,2and

X=j ■ ■ ■ kl; p=7 • ■ • re; y, ■ ■ ■ , r, e, /, • • • , k, 2 = 2a + l, ■ ■ ■ , n.  The

* Composition and rank ofn-way matrices and multilinear forms, Annals of Mathematics, vol. 35

(1934), p. 625.
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matrix T2 is a minor of £2 consisting of certain rows of fl and is therefore non-

singular on its rows. It follows that Ti = 0. Similarly

Os«+i,i

I bxa+l,Za

a-l

&2a+"(r(a)+l,l

'Sa+MofaJ+l.Sa J

asa+i,i

I dsa+i,2o

d2«+n,(,)+i,l

^■Sa+«°(a)+l,2« J

are zero

It follows from (19) that

(21)
/ ia+^>+i a_i „A

I        2-Ê     a\ß    ■ ■ ■ d\t   j =
\      \=2a+l /

if ß = 2a+w"(a)+i + 1, 2a+M?(a)+1 + 2, • • • , w;7, • • • , T, e = 2a + l, ■•-,«.

By (21), r3r2 = 0, where

r3 =

"-1 a a_1

aîa+l,ïa+u"(a)+i+l   '   -   ■   aî«+«,(a)n,ï«+uî(„)H.i+l

a-l

I axa+l,n
a-l

•   a2a+u<,(a)+l.*>

Again, since T2 is non-singular on its rows, r3 = 0. Similarly,

a-l

b-Za+1, 2a+«"(a) + l+l

l¿>2afl,n

a-l

dZa+1, 2«+«°(a)+l+l

«2«+l,n

P2a+«°(a) + l, 2«+«°(„)     1+1

, a-l

'2«+"i7(«) n.n

a-l  a

ï2a+u"(a) + i, 2«+u°(a) +1+1

í = 2a + l, • • • , 2a+w„(a)+i,

= 0.

Further if ß, y, ■ ■

/   -a+"<r(a)+l+l \

(22) ( 22     al;* ■■■dV) = o,
2a+"<r(a)+l+l

where 5 is a 5-matrix on iß, y, ■ ■ ■ , e). Equations of type (22) have already

been treated.*

In view of the above considerations, the matrices Aa~l, ■ ■ ■ , D"~l which

satisfy (19) are of the form Aa, ■ • ■ , Da as obtained from (17) by writing

q=a, and satisfy the properties of Theorem 15 for these matrices.

Theorems 14 and 15 follow by induction.

* See Theorem 1.
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We shall now prove an analogue of Theorems 12 and 13. Let Gi = (cgy.. .e)

be a matrix obtained from G of Theorem 14 by replacing ba by a zero matrix.

We have

Theorem 16. Let 2 = (G, • • • , G-i, Ka) be a set of p-way, P^3, matrices

of order n with elements in afield 4>, where G, ■ • • , G-i are canonical diagonal

matrices as given in Theorem 14. If the set 2 is equivalent in ob to a set of diagonal

matrices, the orders of Xi", X2", ■■ • , X"(a), 5« and values of the non-vanishing

elements of Gi can be chosen so that Ka — Gi is a non-singular matrix of order r,

where r is the order of ba, or such a matrix bordered by zeros; and conversely.

Let Ka = ikßy...t). If 2 is equivalent to a set of diagonal matrices, there

exist matrices Aa~l = ia"¡rl), ■ ■ ■ , D"*1 = id?*1), leaving G, • • • , G-i invari-

ant, and minors Xi", ■ • • , X"w, ba such that

whence

(h

(kßy...i) = (ci/..iaiß  bjy   ■ ■ ■ du  ),

(a a     a       a
U, U,  +t>!  +U2

^-v     a a-1 a-1 „ a a-1 a-1

2-, c\...\a\ß ■ ■ ■ d\t    +    ^¿_i„     c\...\a\g    ■ ■ ■ d\t
X=l \=u, +i'i+l

2"^Ca> a a-1 a-1

+   • • • + ¿. c\...\a\8    ■ ■ ■ d\,
a ■     '    a a

X-2a-"»(a)-i<r(a) + l

Sa+«f fa)+l2-a+u,l,)+i a-l\

+       21       «X/J      •  •  •  ¿X.     ),
X=2a+1

where the m's and v's are as defined in the proof of Theorems 14 and 15. At

once

Aa — C„i =1 ¿_,     «xa    • ■ • axe    1-
\       X=Za+l /

If we wish to test the equivalence of a set G, • • ■ , G-i, Ka, ■ ■■ , Km to

diagonal matrices, we determine whether or not &, • • • , G-i, Ka is equiva-

lent to a set G, ■ • • , Ca. If so, let Ka+h ■ ■ ■ , Km go into Ki+i, ■ ■ ■ , K,i un-

der transformation of the set &,•••, G-i, Ka to G, ■ • • , G- The matrices

G, • • • , G-i, Ka, ■ ■ ■ , Km are equivalent under non-singular linear transfor-

mations to diagonal matrices if and only if G, • • • , G, 7sT„+i, ■ • • , R~J are

equivalent to diagonal matrices. We reapply Theorem 16 to G, • ■ • , Ca,

Ká+i. This process can be continued until we arrive at a canonical set

In Theorem 14 we obtained canonical forms of p-way diagonal matrices,

p^3, and in Theorem 16 necessary and sufficient conditions for the equiva-
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lence of G, ■ • • , G_i, Ka to canonical diagonal matrices. Since a set of mat-

rices is equivalent to a set of diagonal matrices if and only if it is equivalent

to a set of canonical diagonal matrices, we have derived necessary and suffi-

cient conditions for the equivalence of a set of /»-way matrices, p^3, to a

set of diagonal matrices.

Theorem 16 is in general difficult to apply. However, it is given here since

no better equivalent theorem has been found.

Chapter III. Factorization of /»-way matrices into

3-way matrices

11. Introduction. Necessary and sufficient conditions for a matrix

A = iakl...kp) to be of the form (a$ • • • a$p), where (a<£), ■ • • , (a<£p) are

matrices non-singular on the index a, are given in chapter I. In the pres-

ent chapter necessary and sufficient conditions are obtained for a matrix

A = iaakl...kp) to be of the form ia¡jk\ • ■ ■ a¡jj>p), i not summed,/ summed,

where the 3-way matrices (-$£), ■ • • , ia¡Jk) are non-singular on ij. The

method of treatment covers the case where the index / in the matrices above

does not occur* and the matrices (a^î), • • • , (alfp) are non-singular on i.

In this chapter, as in the others, indices may be partitions consisting of

more than one index.

12. Factorization into multiple composites. Let 8i, • • • , Sm_i designate

the 2-way displays (Stt>) - (¿WAi/i). (ilr-) •"(¿W.tW«), * ' • > (S™?1)
= (Sm_i,i1i25,IÍ2) respectively, where T = iijh T' = i2j2; (5il}-,) is a Kronecker

delta of order /, and (Siil<2), • • • , (5m_i,ilÍ2) are the ¿-layers of a 5-matrix

on (i, ii, i2) of order m obtained by setting i = l, • • • , m — 1 respectively.

Let 52' »(th».»,¿Wt), °í ""(*Mií«8ftíj), • • ■ , Sm_1 = (5ro_2,iIiä5,1,-2), where (5h1<2),

(Sï»!».), ' • " » (Sm-2,,',¿2) are the ¿-layers of the 5-matrix (5Í¿lt2) on (¿, it, i2)

of order (m — 1) on each index obtained by setting i = l, ■ ■ ■ , m — 2 respec-

tively.

Let Bi, ■ ■ ■ , Bm-i be a set of 2-way matrices of order n = mt with elements

in a field <p. If the matrices Bi, ■ ■ ■ , Bm-i are equivalent under similar trans-

formation in 0 to Si, • • • , Sm_i, it is evidently necessary that the matrices Bi

be each equivalent under similar transformation in <p to S¿ for i = l, • • ■ ,m — l.

Now Bi is equivalent under similar transformation to Si if and only if iBi—\I)

has the same invariant factorsf as (Si—X7), where 7 is a Kronecker delta.

Assume that Bi is equivalent to Si as demanded. By reduction of Bx to Si

* The matrix A in this case is a generalization of the Scott product of two matrices. See M. Lecat,

Abrege delà Théorie des Déterminants à n Dimensions, 1911, Introduction, p. xl.

f Dickson, Modem Algebraic Theories, p. 104.
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under similar transformation, the matrices B2, ■ ■ ■ , Bm_i are transformed

into a set Bi ,■■■ , B'm-i. Let

/B,n  B,i2\
B°   = L'      »'   ) (s = 2,3,--- ,m- I),

\-Ds21    Oa22/

where B,n is a minor of order t.

Theorem 17. The matrices B\, ■ ■ ■, Bm-i of order n with elements in afield <p

are equivalent under similar transformation in (pto a set 5i, • • • , bm-i if and only

if
B'aii = B',2i = B'si2 = 0 (s = 2, ■ ■■ , m-l),

and the set B'222,B322, ■ • ■ , Bm-Í¡22 is equivalent under similar transformation

in (p to the set of (n — t)-order matrices bi, b3, ■ ■ ■ , b'm-i.

The matrix W which satisfies the relation WbiW~l = bx is of the form*

w-(w" °V
\ 0     W22)

where Wxx is a square minor of W of order /. Now for s = 2, • • • , m — 1,

WBiW-i-(WuB'-uWl\  W»B'-»W»\
\lF225s'2iPFii   W22B',22W22/'

Equating WB',W~l above to b, we obtain the conditions of Theorem

17. The matrices hi, b3, ■ • ■ , b'-x form an array like ôi, b2, ■ ■ ■ , Sm_i,

whence the above process may be reapplied to B222, B322, • • • , B'-i,22, and

bi, bi, ■ • ■ , 5m'_i. Since m is finite this process is a terminating one.

Let £i, i = l, ■ ■ ■ ,n — l, now represent a diagonal matrix with the ith ele-

ment on the diagonal as the only non-vanishing element. For square 2-way

matrices Bi, ■ ■ ■ , Bn-i of order n to be equivalent under similar transforma-

tion to the set £i, • • • , £B_i it is in particular necessary that (Bi—XI) have

the invariant factors X(X —1), X, ■ • • , X. Assuming that this condition is satis-

fied, let the set Bi, ■ ■ ■ , Bn-x be reduced under similar transformation in 0

to a set £i, Bi, ■ ■ ■ , Bi_x, where we write

/¿»ill      -B¿12\
Bi = (Í- 2, -..,»- 1),

\ß,21    -0,22/

where bm is a single element. Letting n = mt, t = 1 in Theorem 17, we have the

* Turnbull and Aitken, Introduction to the Theory of Canonical Matrices, 1932, p. 146.
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Corollary. The 2-way matrices Bi, ■ ■ ■ , Bn-i of order n are equivalent un-

der similar transformation in<¡> to £1, • • ■ , £„_i, if andonlyifbni = Bii2 = B'i2i =0,

i = 2, 3, • • • , n — 1, and the set B222, B322, ■ ■ ■ , Bñ-i,22 is equivalent under simi-

lar transformation in <j> to the set fe', Is , • • • , £n'-i where £,', i = 2, ■ ■ ■ , n — 1,

are (n — 1) by in — 1) diagonal matrices which possess the (i — l)st diagonal ele-

ment as the only non-vanishing element, it being unity.

Let Si, S2, • • • , 5m_i now denote the matrices (5i<,.».<,)X(3/,....-s),

(S2il...,p)X(S)1...Jp), ■ ■ -, («„_!,{l...ip)X(Sh...jp)respectively,where (èh...if)

is a S-matrix on (jt, ■ ■ ■ , jp) of order /, and (&t,it...iP), ■ • • , (5*-i,,,.••<,)

are ¿-layers of a 5-matrix on (i, ¿i • ■ • iP) of order m obtained by setting

i = l, ■ ■ ■ , m — 1 respectively. Let Bi, ■ ■ • , 7?m_i be /»-way matrices, p^3, of

order », where n = mt, and where the matrix Bi = (bk,...kp) is non-singular.

Let the matrices Cs = (ck¡ij); s = l, ■ • ■ , p; k, = l, ■ ■ ■ , n, ¿s = l, • • • , m;

js = l, ■ ■ ■ , t, non-singular on ks, isjs (isjs is a single partition), reduce Bi to 5

under similar transformation, where 5 is a 5-matrix on (*i/i, ¿2/2, • • • , iPjP) ;

let these matrices simultaneously reduce B2, ■ ■ ■ , Bm-i to B2, ■ ■ ■ , Bm-i-

With these notations we can state

Theorem 18. The set of p-way matrices Bi, ■ ■ ■ , Bm-i, p^3, of order n

is equivalent in <p under similar transformation on k¡, • ■ • , kp with G = (et,»Ul),

• • • j Cp = (ckjipip) to a set 5i, • • • , 5m_i if and only if Bi = 5, for s = 2, • • • ,

m — 1 or Bi' = 5S where B2 , ■ • • , B/n-i are obtained from B2, ■ ■ ■ , 7?m'_i by

simultaneously  rearranging  the (iiji,  i2j2, • ■ • ,  iPjP)  diagonal  elements  of

B2 ,   ■   ■   ■  ,   Bm-1.

It has been shown in Theorem 2 that under similar transformation on the

partitions ¿iji, ¿2/2, • • • , iPjP the (iiji, i2j2, ■ ■ • , iPjP) diagonal elements of a

matrix are at most rearranged, whence Theorem 18 follows.

Let £1, • • • , £„ now denote the ¿-layers of a 5-matrix on (¿, kh ■ ■ ■ , kp)

of order n. Let matrices 5s = (/»ili2...ip), s = l, ■ ■ ■ , n — 1, be of order n with

elements in a field <p. We have the

Corollary. The set of p-way matrices Bi, ■ ■ ■ , Bn-i, p^3, of order n is

equivalent under similar transformation in <p on ¿1, ■ • • , ip with matrices

(41), ■■■ , (c¡%) to it, ■ ■ ■ , £n_i if and only i/ B,-«, for ¿ = 1, • • • , n-1
or Bí' =£¡, ¿ = 1, • • • , n — 1, where Bi', ■ ■ ■ , B'ñ-i are obtained by simultane-

ously reordering the (¿1, • • • , ip) diagonal elements of Bx, ■ ■ ■ , 5,-i.

We now prove



450 RUFUS OLDENBURGER [May

Theorem 19. Given a matrix B = (bikl...kp) with elements in afield 0 where

i = l, ■ ■ ■ , m and kx, ■ ■ ■ , kp = l, ■ • ■ , n = mt. Let Bx, ■ ■ ■ , Bmbe the i-layers

of B obtained by letting i = l, ■ • ■ , m respectively. Let b be a b-matrix on

(ju " " ' ) jp) °f order t, and bi', ■ ■ ■ , 8'' be the i-layers of a b-matrix b" on

(i, ii, ■ ■ ■ , ip) of order m obtained by letting i = l, ■ • ■ , m respectively. The

matrix B is the multiple composite on i, j of matrices A, = (aSijk,), s = 1, • • ■ , p,

non-singular on ij, ks, with elements in (p if and only if there exist matrices

G = (ck,iej ) non-singular on ks, isj, with elements in 0 such that

Bx ! M2 • • • kp | G X Ci X ■ ■ ■ X Cp = Si' X S,

Bm | kxk2 ■ • ■ kp | G X C2 X • • • X Cp — Sm   X S.

IiC = (aVkl ■ ■ ■ afhp), i not summed, where A, = (a5isJJi); i=i, = l, ■ ■ ■ , m;

j=jt = l, • • • , t; kx, ■ ■ • , kv = l, ■ ■ ■ , n = mt, then

(23) C = 8" XS\ix- ■ ■ ipjx- ■ ■ jP\AxX ■ ■ ■ XAp.

If the matrix B = (bikl...kv) = C, then by (23)

B\ kx ■ ■ ■ kp\Arl X ■ ■ ■ XAp-1

= 8" X S I ¿i • • • ipjx ■ ■ ■ jp ! (*<,/,<!'/,') X ■ ■ ■ X (Sipipip'jp'),

where Ar1 = (A »,v/,0 is the inverse of the matrix A, on i,j„ k, and (S¿,,-,¿/,-,-),

displayed as (bT,T¡), T,=isj„ Ti =iiji, is a Kronecker delta.

The author has shown* that

(25) (Kui.'i,-) -(*«.*;) X («,./.') is= 1, ••• ,p),

where (ô,-,,-,,), (S,-,,y) are Kronecker deltas. By (24) and (25) we have

(26) B\ kx ■ ■ ■ kp\Arl X ■ ■ ■ XAp-1 = 8" X 8.

Equation (26) is equivalent to the set of equations

Bx\ kx ■ ■ ■ kp\Ax~1 X ■ ■ ■ XAp1 = Si' X8,

(27) .

Bm\ kx ■ ■ ■ kplAf1 X ■ ■ ■ X Af1 = Sri' X S,

where bi', ■ ■ ■ , b'' are the i-layers of ô". This proves the theorem.

To show that the factorization property of Theorem 19 can be recognized

by Theorems 17 and 18, we note that if the i-layers Bu ■ ■ ■ , Bm of B are equiva-

lent under non-singular linear transformations to 8 = bi' Xb, ■ ■ ■, bm = b'' X 8

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35

(1934), p. 629.
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as in (27), then B = Bi+ ■ ■ • +Bm, Bx, ■ ■■ , Bm_i are equivalent under non-

singular linear transformations to 5 = (5i" X5+ • ■ ■ +Sm" X5), Si, •• • , 5m_i,

where 5i, • • • , 5m_i are defined as in Theorem 18, and conversely. Now 5 is a

5-matrix on the partitions (iiji, ■ ■ ■ , iPjP). If B is non-singular, reduce B to 5

under non-singular linear transformations. Simultaneously Bh ■ ■ ■ , Bm-i

transform into matrices B{, ■ ■ ■ , 7?m'_i. The matrices B, Bu ■ ■ ■ , Bm-i are

equivalent to 5, Si, • • ■ , 5m_i if and only if B{, • • • , B^-i are equivalent

under similar transformation to Sx, ■ ■ ■ , 5m_i. The conditions for such equiva-

lence for the 2-way case are given in Theorem 17 and for the p-way case, p ^ 3,

in Theorem 18.

Corollary. Let &,•••, f« be the i-layers of a h-matrix on (i, it, ■ ■ ■ , iP)

of order n, where these layers are obtained by letting i = 1, ■ ■ • ,n respectively. The

matrix B = (bik,...kp) of order n with elements in a field <f> can be written in

the form (afk\ ■ ■ ■ a«?), ¿ not summed, where (a,-*,), • • • , ia¡f) are non-singu-

lar and possess elements in <p, if and only if the i-layers Bi = ibikl...kp),

B2=ib2kl...kp), ■ ■ ■ , Bn = ibnki...kp) of B are equivalent in <p to &, £2, • • • , (■».

Consider the matrix B = (bikl...kp), p^3, of order m on ¿, and order

n = mt on kt, • ■ • , kp. Let 8», • • • , 5m_i be again defined as in Theorem 18. If

B = (22i_1bikl..-kp) is non-singular, the matrices Ea = iesitJtk), non-singular on

ks,iejs, which reduce B to a 5-matrix on (¿i/i, • • •, ipjp) ; ¿i, • • •, ip = 1, ■ ■ ■, m;

ju • ■ • » jp = i, " • ' > t> reduce the ¿-layers Bi, ■ ■ ■ , Bm_i of B, obtained by

setting ¿ = 1, • • • ,m — l respectively, to a set Bi, ■ ■ ■ , Bm-i- Theorems 2, 18,

and 19 imply

Theorem 20. For B = (bikl...kp), P^3, of order m on i and n = mt on

ki, ■ • ■ , kp, to be the multiple composite on i, j of the matrices As = iá¡ijkt),

s = l, ■ • ■ , p, non-singular on ij, k¡, it is necessary that the sum B of the i-layers

of B be non-singular. It is further necessary that

Bi  = Si, • • • , 5m_i = Sm_i,

or

Bi   = Si, • • • , Bm-i = Sm_i,

where BI', ■ • ■ , Bm-i are obtained from Bi, ■ ■ ■ , 5m'_i by simultaneous rear-

rangements of the (¿i/i, • • ■ , ipjp) diagonal elements of Bi, ■ ■■ , .ßm'_i. These

conditions are also sufficient.

Now let B represent the matrix (bikl...kp), p^3, of order n. Let the i-

layers of B obtained by setting ¿ = 1, • • • , n be denoted by Bx, ■ ■ ■ , Bn re-

spectively. If B = (%2    biki...kp) is non-singular, reduce B, Bx, ■ ■ ■ , Bn-X by
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means of non-singular linear transformations to £, Bi, ■ • ■ , Bi-i, where £ is a

ô-matrix on (¿i, •••,*„) of order n. As in the corollary of Theorem 18 let

£1, • • • , £B be the ¿-layers of a ô-matrix on (i, ih ■ ■ ■ , ip) of order n. We have

the following

Corollary. For B = (bikl. ■ -kp), p^3, of order n with elements in a

field (f> to be factorable into the form K = (aiki ■ • ■ a¡l), i not summed, where

(***,)> ' " ' (aikp) are non-singular with elements in 0, it is necessary that

B be non-singular. It is further necessary that B', = £s; s = l, • • ■ , n — 1,

or B'/ = £s; s = l, ■ ■ ■ , n — 1, where Bi', ■ ■ ■ , Bn-x are obtained from

Bi, ■ ■ ■ , Bi-x by simultaneous rearrangements of the (ix, • • • , iP) diagonal

elements of Bi, ■ ■ ■ , Bi-i. These conditions are also sufficient.

Theorems 17 to 20 may be extended at once to the multiple composite

on i, j of Ai = (a¡yki), ■ ■ • , Ap = (a¡jl ) where Ai, ■ ■ ■ , Ap are non-singular

on ij only.

The matrix 8"Xb above is a canonical matrix of a class of (p+l)-way

matrices. We have hence determined necessary and sufficient conditions for

the equivalence of a (p + l)-way matrix to such a diagonal matrix under non-

singular linear transformations on all but one index.

Appendix

For certain situations, the equivalence under similar transformation in a

given field of a set of 2-way matrices 5 = (Th ■ ■ ■ , Tm) of order n to a set of

diagonal matrices can be recognized by the rank of a matrix 77 associated

with S. This appendix is devoted to the derivation of 77.

Let

<■' )\ Cnl/

be a classical canonical matrixf to which Tt is similar for i = l, • ■ ■ , m.

Let a¡, i = l, • ■ ■ , n, denote the matrix

iT{ -a77\

K'-dTii
where T{, • • • , T' are the transposes of 7\, • • • , Tm and d{, ■ ■ ■ , d„ are

permutations of Cx', • • ■ , cn' for cr = l, • • • , m. I is a Kronecker delta. As-

sume that the matrices a,,i = l, ■ ■ • , n, are all of rank n — l. Then there exist

t i in Cj' is a superscript.
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values \pn, \j/i2, ■ ■ ■ , ^¿,B(I»-i)+i of \pi and a value of £¿ such that the minor

Aix,i = l,- • -,m, obtained from a, by deleting the ^iith,^¡2th, • • • ,^i,B(m_i)+ith

rows and the £ith column is a non-singular minor of order n — 1. Let A2i,

i = 1, • • • , n, be the £¿th column of a¡ with the \pixth, ̂ ¿2th, ■ • • , ^£,„(m-i)+ith

elements deleted. Let TJn, •• ■ , 77i„, 772i, • •• , 772n be defined by the rela-

tions

Q)=" A»Á* ■ ■ ■ - ©=- A^A2n'

where 77h is a column composed of the first £¡ — 1 elements of the column

—AxTlA2i, and H2i is a column composed of the remaining elements of

—AxTlA2i. Let 77 now denote the matrix

where the unit element in the ith column of 77 occurs in the |¡th row for

i = l, ■ ■ ■ ,n.

Evidently the set S is equivalent under similar transformation to a set

of diagonal matrices if and only if the set 5 is equivalent under similar trans-

formation to the set S' = (G, • • • , G») or S* = (C*, ■ ■■ , Cri*), where

G*, • • ■ , G»* are matrices obtained from G, • • • , G» by arbitrary inter-

changes of the diagonal elements. If the set 5 is to be equivalent under similar

transformation to the set S', there exists a non-singular matrix X = (xa) such

that

A1 iA      =Ci, • • • , A. 1 mA.      = Cm,

or what is the same thing,

(1) XTi = CiX, ■ ■ ■ ,XTm = CmX.

Equations (1) are equivalent to the set of equations

(2i) «, (    -1 = 0,
x

(2»)
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Since «i is of rank n—1, equation (2i) can be written as

311

¡May

An = — A2iXi,(l.

Now

#i.{i+i

»in

Xn

*i.£i-i

•^l.fi+i

. ^ln

Since a2, ■ ■ ■ , a„ are all of rank n — 1, we obtain similar solutions from

(22), • • • , (2B) of the form

A iiA 2Xxi, {l.

= — Ai2A22x2,£2

Xn

x2.u-i

X2.i2+1

K x2n      )

The matrix X can now be written as

ffs»*!,*.

«ni

*«.£„-1

*»,£„+!

=   —  ^4ln^2n»n,f„

HlnXn.t^

Xn.U

H2„xn,J

Evidently

^i.fi

X = H\

*«.«„'

whence X can be taken non-singular if and only if H is non-singular.
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A like argument holds if the set S' is replaced in the equations of (1) by 5*.

We have proved the

Theorem. The set S is equivalent under similar transformation to a set of

diagonal matrices if and only if H is non-singular for at least one choice of the

quantities di, ■ ■ ■ , dnx, dx2, ■ ■ • , dn2,  ■ ■ ■ , dxm, • • • , dnm.

Armour Institute of Technology,

Chicago, III.


