NON-SINGULAR MULTILINEAR FORMS AND CERTAIN
p-WAY MATRIX FACTORIZATIONS*

BY
RUFUS OLDENBURGER

1. Introduction. Let there be given a p-way matrix 4=(ay...s,),
i, -+, 4p=1, -, n. The operation which takes 4 into 4’ =(a;,...i;,b:,5),
where B=(b;,;,) is a non-singular 2-way matrix and the repeated index in-
dicates summation, is called a non-singular linear transformation on the in-
dex 1, of A with the matrix B. It is also said to be a non-singular linear
transformation on 4. If a matrix 4’ is obtained from A by making non-
singular linear transformations on the indices of A with matrices having ele-
ments in a field ¢, then 4’ is said to be equivalent in the field ¢ to 4. If 4
and A4’ are 2-way matrices this is equivalence in the ordinary sense.

The matrix 4 is said to be non-singular if A is equivalent in some field ¢,
where ¢ contains the elements of 4, to 6§=(§;,...;,), where §;,...;,=1 for
jim oo =fp=1, o, my and 84y =0f Gy - oo, g =, 1),
(n, - - -, »). Similarly a p-way multilinear form

G=ipeiyiy - Y (i =10, m)
is said to be non-singular if G is equivalent under non-singular linear trans-
formations

(¢3] 1) (1 () (») (p) .
= =b 01) t

Yiy = b %y, v, Yip, = 0iyip%ip ip =10, n)

to

I SR Y
frmeemip=1
In chapter I of this paper sets of necessary and sufficient conditions, which
may be applied in a finite number of steps to a given matrix, are derived for
a p-way matrix 4, and therefore for its associated form G, to be non-singular.
It is necessary in the treatment to distinguish between the casest where p=3
and p=4. Among necessary and sufficient conditions for non-singularity it is
proved that a matrix 4 as given above is non-singular if and only if 4 can be

* Presented to the Society, March 30 and April 6and 7, 1934. Abstracts appeared in the Bulletin
of the American Mathematical Society, vol. 40 (1934), pp. 219, 226, 227, under the numbers 140,
164, 165 respectively. Received by the editors March 22, 1935.

t The treatment of the case p=2 is assumed known.
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“factored” into the form (¢%) - - - ¢®)), where (c3)), - - -, (c%)) are non-singular
2-way matrices.

The factorization property of a non-singular matrix 4 suggests the more
general problem of determining the conditions under which a matrix can be

. : ) ® . . Wy
written in the form (¢, - - - ¢g), @, 41, -+, i,=1,- -, n, where (c,;)) is
singular, and (¢%), - - -, (c%) are non-singular.*

In the factorizations mentioned above the index « is summed. Necessary
and sufficient conditions are also obtained (chapter III) for a matrix
B =(bas,...i,) to be of the form (a%; - - - a®,,), a not summed, where the
3-way matrices (%), - - -, (a;,) are non-singular if arrayed as 2-way mat-
rices with af as the row index. The method of treatment applies to the case
where B=(b;,...;,) factors into the form (c§, - - - ¢2), where o is not
summed, and (c%)), - - -, (¢) are non-singular.

The terminology and notations used in the ordinary theory of 2-way mat-
rices are assumed known to the reader.

The paper is divided as follows: §1, Introduction. Chapter I, Non-singu-
lar multilinear forms: §2, Definitions; §3, Similar transformations; §4, Pre-
liminary theorems; §5, Necessary and sufficient conditions for a matrix to
be non-singular; §6, Note on invariant factors. Chapter II, Factorization of
p-way matrices into a product of 2-way matrices one of which is singular:
§7, Introduction; §8, Canonical diagonal 2-way matrices; §9, Necessary and
sufficient conditions for the equivalence of a set of 2-way matrices to a set
of diagonal matrices; §10, Necessary and sufficient conditions for the equiva-
lence of a set of p-way matrices, p = 3, to a set of diagonal matrices. Chapter
III, Factorization of p-way matrices into 3-way matrices: §11, Introduction;
§12, Factorization into multiple composites.

CHAPTER I. NON-SINGULAR MULTILINEAR FORMS

2. Definitions. The number of elements in the range of an index 7 is said
to be the order of ¢. Thus if 7 varies over 1, 2, - - - , n, then 7 is of order #.
A matrix is said to be of order # if each index is of order #. An ordered set

* In the paper entitled 4 new method in the theory of quantics, Journal of Mathematics and Phys-
ics, vol. 8 (1929), pp. 83-84, Hitchcock shows how a matrix of order » associated with a polyadic
can always be factored into a sum of products of 2-way matrices, i.e.,

h
(@sy--55)= (.Zla""l e apii,) .
=

In his paper entitled The expression of a tensor or a polyadic as a sum of products, Journal of Mathe-
matics and Physics, vol. 6 (1927), pp. 164-189, he considers the problem of finding the values of 7, p, &
for which a matrix can be factored as above into a sum of products of 2-way matrices. He solves a
few special cases, but does not solve the general problem.
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of indices of a matrix is called a partitiont of indices. Two partitions T, T
are said to be equal if they have the same number of indices and correspond-
ing indices are of the same order (the first indices “correspond,” the second
indices “correspond,” etc.). We then write 7', = T,. The product of the orders
of the indices in a partition is called the order of the partition. An asterisk on
T, where T denotes a partition, indicates that the indices of 7" have been
assigned fixed values. For example, if T =345k, and we assign to 7, j, k& the
values 2, 4, 3 respectively, we have T%=243. If T,=T, and corresponding
indices of T: and T have been assigned the same fixed values, we write
T¥=Ts

Let Ty, Ty, - - -, T, be mutually exclusive, exhaustive partitions of the
indices of a matrix A. The display (ar,...r,) of A is the matrix obtained by
assigning T, - - -, T, as indices to the different directions of an r-space. The

indices in each partition are assumed for convention to vary from right to left;
e.g., if i1=1, 2;3,=1,2,3; T =1,is; then T varies over the range (i1is) = (11),
(12), (13), (21), (22), (23).

The (T, - - -, T,) diagonal elements of a matrix A =(ar,...r,) in which
T,=Ts= - - - =T, are the elements obtained by letting T#*=T5= - . - =T}
A matrix 4 =(ay,...;,) is said to be a diagonal matrix if its only non-vanishing
elements are (z,, - - - , ¢,) diagonal elements.

A T-layer of A is a minor of 4 obtained by fixing the partition T in the
sense that the indices of T are assigned fixed values, and letting the indices
of A not contained in T vary over their complete ranges. The T-rank of A
is the number of linearly independent T-layers of 4. A matrix 4 is said to
be non-singular on T if the T-layers of A are linearly independent. If a
matrix 4 =(a;;x) is non-singular on zj, and k, then A possesses an nverse
(A k.'r,'») = (A k'i;‘) on 1:7, k, where

(@ixAriri) = Bijirir);  (@inArrsi) = (Brrr).

(8x1) is a Kronecker delta. (8:j+;) displayed in the form (érr), T =1j,
T’'=1"j’, is also a Kronecker delta.

A é-matrix on (T, ---, T,) is the matrix (r,...r,), where T1=T,
= .- =T,- and BTl‘--.T,‘=1 when T1*=Tz*= R =T,-*, while 51'1'7',‘...1',*
=0 otherwise.

The composite on T of the matrices A = (a,r), B=(br,), where p, o, T are
partitions, is defined to be the matrix 4|T|B=(a,rbr.). The repetition of
the partition T in the last matrix indicates that the indices in T" are summed.
The matrix 4 X B=(a,...i,bj,...ia) is called the open product of the matrices
A=(ai...,), B=(bj...;n). A matrix 4 =(a‘~(,-‘,31 . af}},)’), ¢ not summed (j

t Some of the definitions given in this section are given in Composition and rank of n-way
matrices and multilinear forms, Annals of Mathematics, vol. 35 (1934), pp. 622-657.
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summed), is said to be the multiple-composite on the indices 7, § of the matrices

(ai(}k)l)) T (ai(},k),)-

A matrix B=(b;,...;,) is said to be composed of a matrix 4 =(a;,...:,),

to=1,---,m, s=1,---,p, bordered by zeros, if bj...;,=a;...;, for
Je=t,=1,---,m, s=1,-- - p while all other elements of B vanish.
Let a set of p-way matrices of order # be given by By, - - - , B,.. The char-

acteristic matrix of By, - - - , Bn, is the matrix W =(p;B1+ - - - +pnBn) where
p1, * -+, Pm are parameters.
3. Similar transformations. Non-singular linear transformations on the

sets of variables x;®, - - -, x2; ®, fi, -+ ,j,=1,--- m,of

n
e} »
F = Z: Xin " Xiy
frme e iyl
which leave F invariant form a similar transformation on F. Two bilinear
forms and their associated matrices which are equivalent under a similar

transformation are similar in the sense of Dickson.t Let matrices C, - - -, C,
of order # with elements in a field ¢ be given by (c,(-,l,?l), cee, (c;:,?’) respec-
tively, where these matrices are associated with the transformations

m_ W
(12) Tir = Cinndin s

@ @ @
(12) Xjs = CjgisYis s

(p) () (?)
(1,) Xip = CjpipYip -

Assume that p=3, and that (1,), (12), - - -, (1,) leave F invariant, whence

m »
2) (Caty - - - cat,,) =3,

where § is defined on page 422. The layer 6, of & determined by setting ;=1
can be written as 6, =I'C,, where

( o @ (p-2) (p-1) 1) () (p-2) (p-1) (1 (@ (p-2) (p-1)
uen **cou on CaC *° " Ca Ca " Cnllnl *° C Cnl Cml
a @ (p-2) (p-1)
culn " ccn 6
e <o e
n
P=(r)=|"4w -9 (D)
ca1cn * €2 Cun
M (» (p-2) (p-1)
cufn °° 62 O
@ @ (p-2) (p-1) a (@ (p-2) (p-1)
QiCia * ° " Cin Cin * N * Cn1Cnn * * ' Cnn  Cnn

t L. E. Dickson, Modern Algebraic Theories, p. 104.
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T is the partition 23 - - - ¢,—1. The second-order minors of the £, x columns
of T are of the form

1) (1)
Mex = ¢t cxa Ktx,

where
@ -1 @ (»-1)
ce)\ .« .. CEI‘ CxX\ * * * Cxm
Kix = @ (-1 (@ (p-1)
csp o o o cfd Cxp * * * Cxo
K,, is a minor of the display 6= (far) of the matrix M =(c%, - - f,’,’:)),
a not summed. Let a matrix M’ be given by c2, - Cg:_ ;',l_l), where
(€2, -+, (CE2 ) are the reciprocals of (c5), - - -, (¢ ")) respectively. Let
¥= (1//75) be the 2-way display of M’ obtained by letting the partition T be
the index of the rows of ¢ and B =ana3 - - - @,_1 the index of the columns of .
Evidently
10---0---0
0 ce1---0
oy = :
0 0.1

Hence the rank of 6 is #.

Since C, is non-singular and the ,-rank of §, is 1, the display T is of rank
1. Hence for £, x given, the minors M,, of T' vanish. Since 6 is of rank » as
displayed, the minors K,, do not all vanish for given values of £, x, whence
the products ¢ (i) ill) vanish for all values of £, x. Take ¢{}’0. Then cm =0
for all x>1. Similarly take ¢’ =0 for i = ,n. Then cf,: =0 for a%1,. ThlS
determines a matrix C, which satisfies (2). All other matrices (le) which satisfy

(2) are obtained from C; by arbitrary reordering of the rows and columns of Ci.

Since ¢% - - (”L—l when 4, =i,= - - - =i, it follows that if C; is a di-

agonal matrix, ¢ fﬁ, @, ..., P50, and

P _ 1

G LW L L. gD

aa aa

Further since ¢l - -c® =0 when (i1, -+, ip)#(a, - -,a), taking
= =ip17i, We get c(") =0 when ai,. Similarly, c:f,?2 =0 when
aFiy, - -, cﬁ:;‘)—o when a;éz,,_l.

Evidently all of the solutions of (2) can be obtained from the diagonal
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matrices Cy, - - -, C, as determined above by simultaneous interchanges* of
the rows and simultaneous interchanges of the columns of Cy, - - -, C,. We
have proved

THEOREM 1. If Cy, - - -, C, are the p matrices, p= 3, of order n associated
with a similar transformation in a field ¢, then C., - - -, C, are diagonal mat-
rices satisfying the conditionC,=C" - - . C,, or matrices obtained from these
diagonal matrices by simultaneous interchanges of the rows and simultaneous
interchanges of the columns of these matrices.

In the case p=2, as is well known, the matrices C,, C; associated with a
similar transformation satisfy the property C;=Ci~%, Cy’ being the transpose
of C;, but are not necessarily diagonal. We have here a case where the theory
for p-way matrices, p =3, is much simpler than that for 2-way matrices.

By Theorem 1 the canonicalf pairs of p-way matrices, where one of the
matrices is a 8-matrix, can be written down.

An effect of a similar transformation on a given matrix is stated in

THEOREM 2. Under a similar transformation in a field ¢ on the indices
i, -+, ipthe (4, - - -, i) diagonal elements of a p-way matrix A =(a,,...s,),
p =3, are at most rearranged.

. 1 1 1
Evidently, a,,.. ..,pcf,l’,- e P=ag. . e - % where a has some value

apt
between 1 and #. « in the above relation is assumed not summed.
4. Preliminary theorems. We shall prove

THEOREM 3. If a p-way matrix A =(a,...:,), p= 3, with elements in a field
¢, is equivalent under non-singular linear transformations in ¢ to a 5-matrix on
(4, - - -, 1,), the characteristic matrix M = (p\a1sy. .., + - -+ +Pulni,. . .:,) Can be
chosen non-singular for at least one set of values of p1, - - -, pn in .

Let =(3;,...;,) represent a 6-matrix on (j; - - - 7,), and let &= (dy;,...;,),
82=(825--.i,) * = * » 6n=(8nj,-..;,). Let the characteristic matrix (o6, + - - -
+048,) of &, - - -, 8, be given by W = (wj,...;,). The s,-layers Uy, - - -, U,
of the matrix L= (cj(,l,.’lsjl. ..i,) obtained after the non-singular linear transfor-
mation (1) on x}” of

n
(¢Y) (?)
Fe 3 al

Frm=eeemip=1

are related to 8y, - - -, 8, by the relations

* By a simultaneous interchange of the ¢ and 7 rows of Cy, - - - , Cp is meant the interchange of
the i and j rows of Cy, « - - , the interchange of the 7 and j rows of Cy.

t “Canonical” is used in the same sense as in the ordinary theory of bilinear forms and 2-way
matrices. See Dickson, op. cit., p. 89 ff.
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1) 1)
Ur=cud+ - * + Ca1 65,

Un=cins+ - + c,(.:.) 0.
The characteristic matrix W’ of Uy, - - -, U, is given by W' =(a,U,+ - - -
+0,U,). W’ can be obtained from W by the non-singular linear transforma-
tion on the p’s given by

e} m
pr=cC1o1+ - + Cin On,
3) e e e e e e
m m
Pn = €101+ -+ -+ CnaOn.
If py= - - - =p,=1, then W is the non-singular §-matrix on (jo, - - - , 7,). By
equations (3), g1, - - - , 0. can be so chosen that W' is non-singular
Non-singular linear transformations (1), - - -, (1,) on x,(f), cee, x,"" as-
sociated with L correspond to the transition from W’ -(W,, p) to W'’
=(Wi,...iic -+ ¢ ;). Ifay, - - -, o, are so chosen that W’ =(e§2 egz),
where (e, - - - , (e(’” are non-singular matrices, then
@ 0 ®)7.7)
(eélz gy " Ceigligip)s

which is obviously non-singular. This completes the proof of the theorem.

Theorem 3 gives a necessary condition for the non-singularity of a given
matrix. If =3 it is very easy to test a given matrix by means of the theorem.
For p >3 no simple general method has been found for applying it.

Let T=(T,, - - -, Tw) denote a set of 2-way matrices of order » with ele-
ments in a field ¢. If the set T is to be equivalent to a set of diagonal matrices
under similar transformation® in ¢ it is necessary that T’ be equivalent under
similar transformation in ¢ to a matrix of the form

r 1I 1
D= 0. ,
rd,
where 71, - - -, 7, are mutually distinct scalars, and I,, - - -, I,, are Kronecker
deltas. The condition for such equivalence is given in the

LeEMMA. A 2-way matrix T, is equivalent under a similar transformation
in ¢ to @ matrix of type D if and only if the invariant factors of (T1—\I), where
I is a Kronecker delta, split up into distinct linear factors in ¢.

* For a treatment of the equivalence of 2-way matrices under similar transformations see L. E.
Dickson, op. cit., p. 89 ff.
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Let the set T now be reduced to D, T, - - - , T, under similar transforma-
tion in ¢, and let

Th Th- - Tu

Tor o ..
T’I= 21 . DY . (s=2’.~.’m)’
To, - T
where T is of the same order as I; fori=1, - - - , u. The most general matrix
X which satisfies the relation XDX-'=D is of the form
X
11 . O
X = : ,
0o -
Xm-
where X,, is of the same order as I, for =1, - - -, u. Under similar trans-

formation with X, X~ the matrix T,” goes into

8 - -1 (] -1
XuTuXn XuTuXe - XuThXm

rr o | XuThXu
s _ -1 s -1
XmaTulXII ‘ Tt thTmnle
for s=2,.-., m. If T!" are diagonal matrices, XoaT2sXp =0 for all s and

a#p, whence T,,,—O for all s and a#B. Further, for every o, the matrices
X.T2x7', ..., X, T" X' must be diagonal matrices. We have proved

THEOREM 4. Let T of the set T=(Ty, - - - , Tw) of 2-way matrices of order
n satisfy the Lemma. The set T is equivalent under similar transformations in ¢
to a set of diagonal matrices if and only if To.5=0 for asp, af=1, - -, p,
§=2,---,m,andtheset Z,=(T2, - - -, T™) is equivalent under similar trans-
formation in ¢ to a set of diagonal matrices for every o for which the matrices
in Z, are of order greater than 1.

The analogue of Theorem 4 for p-way matrices, p = 3, is given in

THEOREM S. If p 23, and the p-way matrices Ty, - - - , T of order n with ele-
ments in a given field ¢ are equivalent under similar transformation in ¢ to a set

of diagonal matrices, the mairices T, - - - , T, are diagonal matrices.
By Theorem 2 the (4,, - - -, %,) diagonal elements of a matrix T, = (#;,. . .:,)
are at most rearranged under 51m11ar transformation on 7y, - - -, 7,.
Theorem 5 can be used to test the equivalence of a set 7= (T}, - - -, T')

of p-way matrices, p=3, of order n, where T, is non-singular, to a set of
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diagonal matrices. Under reduction of T to §, where & is a p-way é-matrix
of order 7, the matrices T3, - - -, T go into a set Z=(Tay, - - -, Tr). Itis
evident that the set T is equivalent to a set of diagonal matrices if and only if
the set 2 is equivalent to a set of diagonal matrices under similar transforma-
tion.

5. Necessary and sufficient conditions for a matrix to be non-singular.
We have the following factorization property of non-singular matrices.

THEOREM 6. A p-way matrix A =(a,...:,), p=3, is non-singular if and
only if A can be factored into the form (c% - - - ¢2)), where (c8), - - -, (c2)
are non-singular.

The é-matrix (8;,...;,) on (1, - - -, 7») can be written as (8a;,.-.8ai,),
where (8.;,), - - -, (8a;,) are Kronecker deltas. If 4 is non-singular, we have
m » e} » e »
(@iyeriy) = Biyeeiplivis * * * Cigig) = BairCisiy* * * SainCipip) = (Caiy® * * Caip),

where (c3), « - -, (cg?i) are non-singular 2-way matrices.

Every matrix which can be written in the form

(1) (p)
(4) (Cail e Ca:,,) (a = 1) ] n)r

where the rank of (cf,li’l) is m and the ranks of (cfi)z), e, (cf,’,?l) are all equal
to n, can (regardless of the ranges of 7,, - - -, 7,) be reduced under elementary

transformations* to

(¢3)

(»)
N = (Cai, - - Cat

cm’p) (il:1""’m;a;i%""il’:l"",”),
or N bordered by zeros. Our theorems, which will be stated for N instead of
(4), will therefore hold for more general cases.

Let E denote the matrix (es,...:,); a=1, -, m;dp, - - - ,ip=1,- -, m.
We shall now prove

THEOREM 7. The matrix E with elements in a field ¢ is factorable into a

matrix of type N with elements in ¢ if and only if E is non-singular on i,, and
the iy-layers of E are equivalent in ¢ to a set of diagonal matrices.

The 4,-layers of E must be linearly independent since the ¢;-rank of N is m
and this rank is invariant under non-singular linear transformations.

Let (C2), -+, (C{?) be the reciprocals of @), -+, (c2) respec-
tively. If E=N, then
@ » o
(5) (éir-i,Cizaz * * * Cinay) = (Cairdaas* * * aay),

. * For a discussion of elementary transformations see Bécher, Introduction to Higher Algebra,
p. 55. Elementary transformations leave the factorization property (4) invariant.
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where (8aa,), * -+, (8aa,) are Kronecker deltas of order #. Equation (5) is
equivalent to the set

2) (p) 1)
(elig"'ipcizag st Cipap) = (Cailaaag ttt 6aa,,);

(6) e e e e e

(émiy---i,Cigas = Cliray) = (Cambaas * * * Baay)-

The matrices (€ 8aas *  * Saa,), = * 5 (ComBaay * - * daa,) are diagonal matrices.

We have proved that if E is factorable into a matrix XV, then the é;-layers
of E are linearly independent, and equivalent under non-singular linear trans-
formations in ¢ to a set of diagonal matrices; the converse is simply proved.

We have now determined enough conditions to ftest the non-singularity
of a given matrix 4 = (a;,...1,), %, - - -, 4,=1, - - - , n. The procedure of this
test is as follows. Determine whether or not the necessary condition of Theo-
rem 7 concerning the non-singularity of 4 on 7, is satisfied. If 4 is non-singu-
lar on 7,, determine (if possible) whether or not the necessary condition of
Theorem 3 is satisfied. If so, choose the matrix M mentioned in Theorem 3
so that it is non-singular. Let the p’s and the i;-layers of A4 be ordered so
that p; #0. Let 4,, - - - , A, designate the 7;-layers of A. Determine by Theo-
rems 4 and 5 whether or not the set M, 4,, - - - , A, is equivalent to a set of
diagonal matrices. If not, 4 is singular.* If the contrary is the case, and p=3
(similarly for p=4), then there exist non-singular matrices X, ¥ such that

Xp,‘A,'Y = Dl, XAgY = Dz, T, XA,,Y = Dn,

where Dy, - - -, D, are diagonal matrices. Multiplying the last (#—1) equa-
tions by ps, - - -, p. respectively and subtracting the resulting equations from
the first, we obtain Xp,4,Y =D, —Z:;zpiD.-. The matrix on the right is a di-
agonal matrix, from which it follows that the set 4,, - - - , 4, is equivalent to
a set of diagonal matrices. Theorem 7 is now satisfied, and 4 is non-singular.
In certain situations the non-singularity of 4 is at once evident from Theo-
rem 6.

Let A4y, - - -, A, be the é;-layers of 4 =(a;,...;,) with elements in a field
¢ and p=4, and let p,, - - -, p, be chosen so that the characteristic matrix
M= (Z?_IPiA ;) is non-singular for p; 0. Let the transformations which re-
duce M to a é-matrix reduce 4y, - - -, A, to A4, - - -, A/. Theorems 5 and
7 imply

THEOREM 8. The matrix A =(ai,...:,), p24, is non-singular if and only
if A is non-singular on iy, and the matrices A4, - - - , A,] are diagonal matrices.

* A matrix not non-singular is said to be singular.
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If A =(ai,i,) is a 3-way non-singular matrix of order n and 4y, - - - , 4.
are the 4,-layers of 4, by Theorem 7 there exist non-singular matrices X, ¥
such that

XAY = Q; (i=1,---,m),

where Q; are diagonal matrices. The matrices X, ¥ can be obtained from
Theorem 4 and the theory of bilinear forms. Arrange the matrices Q: to form
the rows of a 2-way matrix P. Since the i;-rank of 4 is », there exists a non-
singular minor V of P. The matrix V-'P is a 2-way display of a matrix §,
where § is a 3-way 8-matrix of order #. The matrices V', X’, ¥ (the primes
here denote transpose) are hence matrices which reduce 4 to & under trans-
formation on 4,, 4,, 73 respectively. The matrices of reduction from a p-way
non-singular matrix, p >4, to a §-matrix are obtained similarly.

We define the factorization ramk of a matrix 4 =(a;...;,) to be the
minimum value of e for which the matrix 4 can be written in the form
Coasic® . ci’}l), where (c3), - - -, (c,f,’,fl) are 2-way matrices. Th‘is rank
isinvariant under non-singular linear transformations. The factorization rank
of a matrix (- _iczi, - - - ¢2) is n if all of the matrices D), -, (c2) are
non-singular.

In another paper* the author has defined certain ranks of a p-way matrix
which are invariant under non-singular linear transformations. The following
theorem is easily proved.

THEOREM 9. A p-way matrix A of order n is non-singular if and only if all
of its invariant ranks are equal to n.

6. Note on invariant factors. The matrix W = (Z:lpiBi) used in §2 sug-
gests the following generalization of ordinary invariant factor theory. Let
B, i=1, .- -, m, be square matrices of order n. Let G, be the greatest com-
mon divisor of the minors of W of the fth order, and let Go=1. We define the
tth invariant factor of W to be the quotient G,/G. 1. It is determined up to a
constant factor. It is assumed in factoring the minors of M to obtain the G,
t=0, 1, - - -, n, that the factorization is performed in a given field.t Now
when By, - - -, B, are multiplied. by non-singular matrices the quotients
G./G._, are invariant. If

B{ = anBi+ -+ + ¢1mBn,

-Bm, = almBl + st + ammBm;

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35
(1934), pp. 625, 633, 634.

t Ttis to be noted that for m =3 a minor of W cannot always be factored into distinct linear fac-
tors in a field. To obtain linear factors it is necessary in general to use the quasi-field of quaternions
and other generalizations of fields.
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and the matrix of coefficients is non-singular, then the invariant factors of
W’ = (B! + - - - +a.B.) can be obtained from the invariant factors of W
by the transformations

p1 = anar + - - + CmiGm,

.......

Pm = G1ma) + M + AmmQm .

Hence powers of terms occurring in invariant factors go into like powers un-
der the transformation from theset By, - - - ,Bato B{, - - - , B/ .

The determinant of W in the proof of Theorem 3 where p =3 is the only
invariant factor of W distinct from unity. This determinant factors into dis-
tinct linear factors in any field ¢. It follows that if A is the determinant of
the characteristic matrix of the i-layers of R=(r;;x) and R is equivalent in ¢
to a §-matrix on (4, 7, k), then A factors into distinct linear factors in ¢, and
is the only invariant factor distinct from a constant.

An exact generalization of the theory of this section holds for p-way mat-
rices p =3, where the invariant factors are defined in terms of space determi-
nants.

CHAPTER II. FACTORIZATION OF p-WAY MATRICES INTO A PRODUCT
OF 2-WAY MATRICES ONE OF WHICH IS SINGULAR

7. Introduction. By Theorem 7, a matrix 4 =(a;,...;,); aa=1, -, m;
iy, - -+, i,=1,- -+, n, can be factored into a matrix 4=(c% - - - c%);
a=1,---,n, where (ci?l), cee, (ci’}l) are non-singular on ,, - - - , ¢, respec-
tively, if and only if the é;-layers of Ay, * - - , A of A are linearly independ-

ent, and are simultaneously equivalent to a set of diagonal matrices. To com-
plete the treatment of factorizations of the above type where (c() is singular
we must obtain necessary and sufficient conditions for the equivalence of
Ay, -+, An to a set of diagonal matrices. We do not assume as in the
treatment of a non-singular matrix 4 that there exist values of py, - - - , pm
not all zero such that p14:4+ - - - +pmd . is non-singular.

Using an essentially different technique we derive first (Theorem 10)
the canonical diagonal 2-way matrices Cy, - - - , C, to which diagonal matrices
E,, - - -, E, are equivalent under non-singular linear transformations, and
then obtain necessary and sufficient conditions (Theorems 12, 13) for the
equivalence of a set of 2-way matrices Cy, - - -, C;, Fi31 to a set of diagonal
matrices.

To test the equivalence of a set S=(4,, - - -, Am) of 2-way matrices to
a set of diagonal matrices, reduce A4, to a canonical diagonal matrix C,. If
this is not possible (this is very easy to determine), it follows that the set S
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is not equivalent to a set of diagonal matrices. If 4, is equivalent to a matrix
C, reduce 4, to Cy. The remaining matrices of S are simultaneously trans-
formed into a set A4, - - -, A, respectively. Apply Theorems 12 and 13 to
determine whether or not the pair Ci, A7 is equivalent to a pair of canonical
diagonal matrices C, C,. If not, the set S is not equivalent to a set of di-
agonal matrices. If on the other hand the pair Ci, 44 is equivalent to a pair
C,, Cy, reduce Cy, A4 to Ci, C,. The remaining matrices in the set S are then
transformed into a set 44, - - -, A./'. Now apply Theorems 12 and 13 to
Ci, Cy, A4’ Continue this process until one finally arrives at a set of canonical
diagonal matrices Cy, - - - , C. to which the set S is equivalent.
8. Canonical diagonal 2-way matrices. Adopting the notation used by J.
Williamson in a recent paper* we shall write the “diagonal block matrix”
c o
0- |’
C.
where Cy, - - -, C, are square minors of C, in the form
C=1[Cy,---,Cl].
Let the letters I, p with superscripts and subscripts denote a Kronecker delta,
and a parameter respectively. We shall prove

THEOREM 10. Let S=(E,, - - - , E,) denote a set of diagonal 2-way matrices
of order n with elements in a given field ¢. The set S is equivalent in ¢ to a set
S'=(Cy, ---,C,), where

(7) Ci = [13, 0],

(72) C: = [83, S2],

and

(8:) Si=[oils, - - -, 0ild),

(82) St = [I141,0];

the p?, - - -, pd are all distinct, and the matrix St is of the same order as I
in general any pair in the set S’ is of the form

(7)) Ci= [p:I:, SRR Po‘(o')—ll:'(i)—ls O'I:(i)]’

) Coa=[Sy,- -, Siw],

where

* Simultaneous reduction of two matrices to triangle form, American ]oufna.l of Mathematics,
vol. 57 (1935), p. 282.




1936) NON-SINGULAR MULTILINEAR FORMS 435

% +1_i41 +1_ 141
(91) Sl=[P1 I, ,""pmllﬂu s
% +1 i+1 +1 +1
(92) Sy= [pm1+llm1+l; c ey Pmprmelmyims ),
L3 +1 1 +1 i+1
(98(")—1) S‘<‘)-1= [P"'1+'°'+"'n(¢)-z+11 mytecodmyiy 2+l T 0 7y PM1+--'+M.(6)-1I myteotmye)aly

i 41
%) Seir=[Tmpt--etmyeyat1, 0],

and where the p’s in each matrix S¢, - - -, Siy—1 are distinct, and the orders of

the matrices St , - - - , Sksy are equal to the orders of If, - - - , Ik, respectively.
At the same time we shall prove

THEOREM 11. The matrices X, Y which satisfy the relations

XCly =C1,' .. ,XC.’Y =C.'

are of the form
[ X1 ) 0 )_(La(.‘) )
(10) X = o -
Xa)—1,800-1 ’
Xet) o) )
-1
X
11 X O
Y = 0 . -1
Xa(o‘)-l,c(s')-l ’
Yeya --- Yy )
where Xu, - -+, Xuy .ty are of the same orders as I, - - -, I,'},-, respectively.

If E, is of rank r, E, is obviously equivalent to C;, where I is of rank r.
It is readily verified that if XC,¥ =C,, then

—1
X X X 0
X = ( 1 12>, v = < 1 )’
0 X Voo Ya
where X1, is a minor of order 7.

Assume now that E, - - -, E; have been reduced to canonical forms
Cy, - - -, Ciand that X, Y are as given in (10). Let E,;, be denoted by

i+1 i+1
[P, - -, Puy],

where the minors Pi*!, - . . | Pit! are of the same orders as Iy, - - -, I, Let
Xisiyy * 0y Xety—1,0095 Yacir a1y =+ » Yaciy,aiy—1 be set equal to zero. Then
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i+1 141

XEinY = [XuP, Xn, sy X et~ 1X:(-)—1.a(-)—1,
i+1
Xy aoPeor Y am |-
Choose the non-zero minors of X, ¥ so that

XuPiHPXyt, - -

i+1 -1
) Xs(i)—l,:(s’)—l o(i)—lXa(i)—l.c(i)—l

are in the classical canonical forms* S¥, - - -, Sii-1, and choose X, o0,
Y.y .06 S0 that X, ,.(.-)Pf(*,gl Y. .. is a Kronecker delta bordered by zeros.
The matrix E;;, has now been brought into a canonical form of type C;;..
It is readily verified that the matrices X, ¥ of (10) which satisfy the rela-
tion
XCinY = Cipa

are of the form

’ ’
Xll Xl.ml+---+m‘(,‘)
c o, 0
X' = Koo,
’ ’
Xm1+l.mx+1
0 .
X’
Myt et my) mate e o my(e)
=1
Xn
——1
Xmym, 0
-1
Y’ = Xml+l.m1+l
0 Xi—l :
mite st myy—1,mt ot mgg)—1
’ ’
Ym1+"'+m.(.‘).l . Ym1+'"+m.(c),mn+"-+m.(i)

’
Xonit - - ctmygy—t,myt - - -4my—1 are of the same
.+myq—1 Tespectively. Theorems 10 and 11 now

where m,;, =2, and X/ AR
orders as Ii*!, - .., Ity ..
follow by mductlon.

9. Necessary and sufficient conditions for the equivalence of a set of 2-
way matrices to a set of diagonal matrices. Two-way matrices Fy, - - -, Fn,
are equivalent under non-singular linear transformations to a set of diagonal

* This reduction is accomplished by rearranging the diagonal elements of E;,.. Hence the reduc-
tion of E¢y; can be accomplished in any field ¢.




1936] NON-SINGULAR MULTILINEAR FORMS 437

matrices if and only if Fy, - - - , F,, are equivalent to a set of canonical diago-
nal matrices Cy, - - -, Cn as given in Theorem 10. We shall therefore prove
Theorems 12 and 13 below.
Write
An Ab- - Al
AI‘
b e )
F,= ) o w=i+1,---,m),

Ayiyn - - A

where A%, A%, - - -, A%y ..y are of the same orders as I, I, - - -, Ii re-

spectively. These last matrices are minors of the matrix C; of Theorem 10.

THEOREM 12. Let Z=(Cy, -+ -, Ci,Fiy1, - - -, Fu) be a set of 2-way matrices
of order n with elements in a field ¢. If A’y ,ey=0 for p=i+1,-- -, m, the
set 2 is equivalent in ¢ to a set of diagonal matrices if and only if the following
conditions are satisfied:

(a) A% =0;a=B; a, B=1,---,s(), and p=i+1, - - -, m.

(b) A ... AT are equivalent in & for every v in the set y=1,- - -,
s(2) —1 to a set of diagonal matrices under similar transformation.

Let X, ¥ be given as in (10). We shall denote the matrices F,) = XF,Y by

Bu B Bl

B . )
F/ =\ o w=1+1,---,m),
B:(i).l ° tte B:‘(i),:(")
where the minors B} are of the same orders as A} for k,1=1, - - - | s(Z). Now
B; 18 (%) =XeaAa iy Yo oy =1,- - -, 3(’) -1 AISO’B':(z‘) =X .-<i>A';(i) vaXa:li
a=1, .-, 5()—1. If the matrices F,/ are diagonal matrices it is necessary
that B, =Bii..=0 for a=1, -, s()—1, whence A%, =4%4.a=0,
a=1, - - -, s(i)—1. Substituting these results in the formulas for the remain-
ing elements of F, we find we must also have 453 =0 for a#8; o, =1, - - -,
s(s) —1, and the set of matrices 4°!, - - ., AT must be equivalent for every v,
where y=1, - - -, 5s(¢) —1, to a set of diagonal matrices under similar trans-
formation. Necessary and sufficient conditions for such equivalence are given
in Theorem 4. We have proved the necessity of the conditions of Theorem 12.
They are also evidently sufficient.

If Ai% oo is of rank 7’50, the matrix F,; can be reduced under trans-

formations leaving C, - - -, C; invariant to a new matrix F;;, in which
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i+1 +1

(11) Aoy = [Ligino, 0],
where Iil;,_; is a Kronecker delta of order 7. Write

(m
i+1 m o, i+l Asiiy,p
Apay = (Ape4pe), Ay, = ( 2] ),
B

(1]

where p=1, - - -, s()—1, and the Af,l'],(;) have 7’ columns while the A.;,

have »’ rows. We can now state

THEOREM 13. Let the minor Al of Fiyi be reduced as in (11). The set
of matrices ' =(Cy, - - -, Ci, Fiy1) is equivalent in a field ¢ to a set of diagonal
matrices if and only if the following conditions are satisfied:

(a) AE_%),;"'AE}«) =0forp=1,---,s()—1.

(b) A$I=AE,].(£)AP(£!).5; a;éB; a, B=1) ) S(i)—l.

(c) Theinvariant factors of the matrices ALt — A AN —N., a=1, - - -,
s(2) —1, where the I, are Kronecker deltas, factor into distinct linear factors in ¢.

'I:Ef non-singular matrices X,),sc), Y.’fl) sy Which tpa;rllsform A:'{f.)l,,(,-,
. . i
= [Ic(i+l) —1 0] into ltself, SO that X.(i) -8(i)Aa(i).t(i) Y,(;,) ,8(3) =A,(,-)',(,-), are Of the

form
-1
Wi Wi Wn O
Xstiyat) = ( ), Yeir,eer = ( >,
0 sz sz V22

where W1, is a minor of the same order as I3¢},_;. If the set 2’ is to be equiva-
lent to a set of diagonal matrices, it must be equivalent toaset Cy, - - -, Cipa,
where Si, =A§g~')f,“). The matrix Sk is a minor of C;; as in Theorem 10.
The matrix F;;, must then be equivalent to a matrix C., under transforma-
tions X, ¥ which leave the set =’/ =(Cy, - - -, C:, Aifyhe) invariant. If such
matrices X, ¥ exist, then X~!, ¥-! also leaves =’/ invariant. If XF;,¥ =C, 41,
then F;,=X"1C;.Y-1. Hence the set Z’ is equivalent to aset Cy, - - , Ciya if
and only if there exist matrices X, ¥ leaving Z’’ invariant such that

(12) F.‘+1 = XCH.IY.

If there are to be matrices X, ¥, C;;.1 such that (12) is satisfied, it is readily
seen by equating matrices that the following conditions must be satisfied:

; Wu O ; Wun O
i+1 11 i+1 11
13) Adeyn = ( 0 O) Vey,i; -+ + 5 Asiysciz—r =( )Ym‘).a(i)—l;

—1 -1
i+1 Wu O i+1 Wu 0
(149) 410 = X;,,(.-)( >; co s Aay—00) = Xa(i)—l,au)( 0 )

0 0

0 o0 0
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Let

v,
Yiiyo = ( Y")’ Xt = (XP’ X.')
forp=1,---,s()—1, where ¥,/ has 7’ rows and X/ has r’ columns. By (13)
and (14) we have

[2] [2]

(15) Asye = 4paiy = 0 p=1,---,s(d) = 1).
Further

V= WulA.(ln.x, sy Ve = WulAa!::).o(-')—l;
(16) oY)

(m
Xi=drayWi, - -+, Xeiy—1 = Aa(li)—l.t(i)Wlb
Substituting (16) in XC;, ¥, and using (15), we get

i -1 1] [83)] 11 [11
(X1uS1 X1 + drawdsirn)  Arsodsy.e
(1] [11-
A2 45y

XC“+1Y = .
(1] 11
Asiy-1,004s0)1
i+1
At(t).l
(1] [1] t+1
A1) ,6)-1 s Arew
¢ —1 [ (1] i+1
s (Xay—1,8 (=185 ()1 X s ()10 ()=1 F Ascir=1,s()Ae@®),s()=1) * * * As(ir—1,5(0)
i+1 - i+1 .
Ay siir—1 s Ay

To have the above matrix equal to F;;; we must have

A:'B’I = A:rl.l(i)As[(lt!).ﬁ; a # ﬁ) o, B = 1) ) S(i) - 1.

Also XouSs X 4 AW Al .=A'T" whence AST'— 4 21(,-)./1,[(1,}),“ must each be
equivalent under similar transformation to a diagonal matrix for every «
where a=1, - - - , s(¢) —1. The necessity of condition (c) of the theorem now
follows from the lemma, §4.

We have proved the necessity of the conditions of Theorem 13. The suffi-
ciency of these conditions is evident.

10. Necessary and sufficient conditions for the equivalence of a set of
p-way matrices, p = 3, to a set of diagonal matrices. We shall now state the
analogues of Theorems 10 and 11 for p =3.
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Let Cy, - - -, C, be p-way matrices, p=3, of orders n,, - - -, n, respec-
tively. Let a p-way matrix C of order m,+ - - - +n, be constructed in a
p-space by placing the matrices Cy, - - -, C, in a non-overlapping fashion on
the principal diagonal of C so that the principal diagonals of Cy, - - - , C, form
the principal diagonal of C, and let the elements of C not in these “minors” be
zero. The matrix C will be denoted, as in the 2-way case, by C=[Cy, - - -, C,].
Let the quantities A, § with or without subscripts and superscripts denote a
p-way non-singular diagonal matrix and a p-way é-matrix respectively. We
can now state

THEOREM 14. Let S=[E,, - - -, E,] be a set of p-way diagonal matrices,
p=3, of order n with elements in a field ¢. The set S is equivalent in ¢ to a
set S'=(Cy, - - -, C,), where

C: = [8y, 0], C: =[Sy, T1],
and
S: = [Alz, 0]’ T, = [62: 0]1

the malrix S, is of the same order as 6.; in general any consecutive pair in the
set S’ is of the form

Co = [A:, 0) A;, 0; T )‘:(a)y 07 8«7 0]’
Ca+l = [Q:, R;‘, Q:, R:y Tty Q:(d)y R:(a)7 Sa’ Ta]’

where
a a+1
= [)‘29—1> 0] (q =1,---, 6(‘1))’
a+l
R'_D‘?r; ] (r=1,---,0(a),
a+1
Sa = [)‘c(a+1)a O],
Ta = [60!4-1: 0]7
and o(a) =22"1—1, a 22, and the minors Qf, R, - - -, Q"(a), Ry, Sa, T are
of the same orders as the corresponding minors \{, 0, - - 2@, 0, 8a, 0 of C,.
Let i, 7, - - -, k, I be the indices of the matrices Cy, - - -, C,. As we prove

Theorem 14 we shall also prove

THEOREM 15. Let Ae=(a}), Be=(b%,), - - -, Ci=(c},), Di=(d}) denote
mairices which, under non-singular linear transformations with these matrices on
the indices i,j, - - - , k, L of the matrices in the set S'=(Cy, - - - , C,), leave the set
S’ invariant or at most reorder the elements of the minors N, m=1, - - -, a(q), of
C , independently for each m. The matrices A4, - - - , D4 are of the form
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41
Ay 0
45
q
Aq = 0 Azz . , ,
A1
q q
Aosar+1.3 Asar41,2
17
{an D.lll
D3, 0
Dj
Dq = D;z ,
0
D711
q q
Da(q)+1,3 Dv(q)+l.2 )

—1 —1 =1 —1 —1 —1
where D5 =A By, - - - Cy for v=1,---, o(9)+1; D =A%, B} - - - Cha
fory=1,- -, 0(q); and corresponding minors in the sets (A3, - - -, Adpy+1.1),

-, (DY, + - -, Dicgy41.1) are of the same orders as M2 Ng9, - - - , Aoy, 4 7e-
spectively; the remaining minors of A4, - - -, D2 are of the same orders as the cor-
responding zero minors of C 4; also, every minor except the last on the diagonal of
each matrix A9, - - - , D2 as written in (17) is a diagonal matrix. The mairices

As, - - - Dimay also be of the types obtained from those given in (17) by simul-
taneous interchanges of the rows and simultaneous interchanges of the columns of
the minors in each of the sets (Al p+11, -+, Dip+11), (Ads, - -+, D);
a=1,---,0(q); B=1, 2, these interchanges being made independently for each
set.

If there are u; non-vanishing elements on the diagonal of E,, it is evident
at once that E, is equivalent to C;, where 8, is of order ;.

Denote C, by (¢§...:) for every a. If (¢j...apdl, - - - cidi) = (c.. 1),
then

(18) ( E a]aﬂb]:x'y st Cirdclze> =0

a=1

fory,---,7,e=1,.-- ,nand B=ul4+1, - - -, n By (18), QP =0 where
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;1 1.1 1 1.1 1 1 1
(bu v Cudn) (b2l e Czldzl) L ( u:.l et Cui,ldull,l)

(bil cee Cild:z)

1 11
Q = (bu -+ c11dia) . e . ,
(bil s C:ﬂiil)

1 1 1 1 1 1
(blu e Clndln) o (bu:.n e Cu;,ndu:.n) J

1, T, 1
Q1u14+1 Cluj+2° * * Q1,n l

1
a'2.u1+1

. . o ..

1
1
aull,u:+l : * ot Qupn J

Qis a minor of the display G=(ga); k=7, - - - , 7, ¢, A=j, - - -, l of the matrix
J=B'X - - - XC'XD!. By alemma proved in another paper* by the author,
G is non-singular since B!, C?, - - - , D! are non-singular. Hence Q is non-
singular on its columns, and P=0. Similarly,

1 1 1 1 1 1
bl,u:+l bl.u:+2 st bl,n {dl.u'l+l dl,ull+2 R dl.n
1 1
b2,ui+1 . s _ dsuli1 -0
1 1 1
bui.u:-#-l * tte bu:.n du:.ull+l ' cr du:.n
Also

1
( Z atlxﬂbclx‘r toe die) =39,

a=1

where §isa §-matrixon (8,v, - -+, 7, € andB,7, - - -, e=1, - - -, u;. Apply-
ing Theorem 1 we obtain

1 2
an 0 bu 0
Al = o B! = L e
0 aulul ’ 0 bulul
l AI A/I Bl B”J

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35
(1934), p. 625.
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1
d
11 . 0
D= 0 . di:u: ,
DI DII
or matrices obtained from A!, B!, ... D! above by simultaneous inter-
changes of the first #; rows and %; columns of A2, - - -, D",

Assume that E,, - - -, E,_; have been reduced to Cy, - - -, C,—;, and the
matrices

a a-—-1

—1 a-—1 a—1 a—1 a—1
A4 = (aip ), B = (bjy ), -+, D = (di ),

which satisfy the relations

a-1 a—1 a-1 a—1 a-1 a-1
(cijo-a1@ig biy -+ - dic ) = (cgye--) = (€ijo--1),s
are of the form
a—1
An
a—1
Aia
a—1 0
Aan
a—1 a—1
A = Azz
0 . y Tty
a-—1
Ac(u-—l)+l.l
a-1 ) a—1
Aa(a-l)+l,3 Av(a—l)+1,2
a—1
Dy,
a—1
D12
a—1 0
D,
a—1 a—1
D = D, ’
a—1
Dv(a—l)+l,l
a—1 a—1
Dv(a—l)+l,3 Do(a—l)+l,2

where these matrices satisfy the properties mentioned for 4¢ in Theorem 15.
It is evident at once that E, can be reduced under transformations with
Aol ... D*7' to a matrix of type C..

We shall now restrict the matrices A==, - . . , D=1 50 that

a—1_ a-1

(19) (C:'xi...zd,’g b,'-y s d;:_l) = Ca.




444 RUFUS OLDENBURGER [May

Let the orders of the minors A}, A3, - - -, Ao, 0. be denoted by g, u3, - - -,
We(ay, o+ Tespectively; and the orders of the zero minors between these
minors by 97, -, 95+ respectively. Let Z.=ui{+ --- +ucn +oy
Y - -+ +15@. By (19),

Zatug ()41 - -
( Z d;;lbxyl e dx¢ l) = 0

XmZqtl

(20)

ify,- -, e=2.41,---,m,and B=1, - - -, Z.. By (20) I''I';=0, where

a—1 a—1 a—1
GZat1,1  @=at2,1 ° * * QZ4ug(a)+1.l
a—-1
a}:¢+1'2 . Y .
P] = N
l a—-1 a—1 «
QZat1,2q * " @Zatug(a) +1. 2«
a—1 a—1
(0zat1, Zat1 t 0 et Zat1)
1‘2 =
ca—1 a—1
a
(Ozatugqayer, Zatr * * d2a+u:(,)“.2¢+1)

a—1

v v (bzatim © o dratin)

a-—1 a—1
e (b2a+“:(a')+1m e d2¢+u:(a) +xm)

Since B=!, - - - | D=1 are to be taken non-singular, the minors

( ,a—1 a—1 a—1
O2et1,Zat1 Dzat1,Zat2 * * * DZatim
o—-1
a—1 O 2at2, Sat1
By(a-1y41,2 = ’ 0y
a—1 a—1
bn,2¢+l c . A bn.n
c—1 a—1 a—1
Q2at1,%at1 @Zat1,Zatl * * * CZatln
a—1
a1 G3et2,2at1
Da(a—l)+l.2 =
a—1 a—1
dn, 2041 . cccdan

are non-singular. By the lemma of another paper mentioned above,* the
display @ = (w»,) is non-singular, where Q= B2t 1y41.2X - - - X Doty 41,2 and
N=j:- -kl u=y- - --1¢;7%,--, 71, €674, -, k I=2.4+1,---, n. The

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35
(1934), p. 625.
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matrix I'; is a minor of Q consisting of certain rows of @ and is therefore non-
singular on its rows. It follows that I';=0. Similarly

a—1 a—1 a—1 a—1
bzet11 * 00 DZatug(ay 411 Q2at1,1 * * * GZatug(ay 41,1
b b
a—1 a—1
bzat1,Za * * * DZatuga)+1.2a Azat1,2a * * * Clatug(a)+1.%a
are zero
It follows from (19) that
2a+14'(¢)+1
a—1 a—1
(21) ( > axﬂ"‘dxe>=0
A= Zatl

ifﬁ=2a+u:(a)+l+l’ Zd+u:(¢)+l+2’ N Y, e, T, €=2¢+1, PR (X
By (21), I';T; =0, where

a—1 « L aa—l « «
QZa+1,Zat ug(a) +1+1 Zattg (a) +1+ Zatlg(a) +1+1
I‘s =
a—1 a—1 «
QZatl,n © 0t @Zatug(a) 41,1

Again, since I'; is non-singular on its rows, I'; =0. Similarly,

( a—1 « a—1 « a )
b2a+1.2a+'l¢(a)+1+l R bzr’-“w(a)-n' Zatug(a) 1+1
a—1 a—1
b2¢+l.n coe bz&"’“:‘(a){-l-” J
( a—1 « a—1 « «
d2¢+l, Zatug(a) +1+1 ° " 7 dza‘f‘“tr(a)+l:2¢"'“v(a)+l+l
= = 0.
a—1 a—1
dZ.-H,n tet d2¢+u:(.,) +1.n J
Furtherif 8,7, - - -, e=2Z,4+1, - - -, Za+u5+1,
Zatug (a )1+l a1 a1
(22) < Z axg '°'d)“ )=5,
A=Zq+1

where 6 is a §-matrix on (B, 7, - - -, €). Equations of type (22) have already
been treated.*

In view of the above considerations, the matrices A=~} - - - | D=-1 which
satisfy (19) are of the form A<, - - -, D= as obtained from (17) by writing
g=a, and satisfy the properties of Theorem 15 for these matrices.

Theorems 14 and 15 follow by induction.

* See Theorem 1.
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We shall now prove an analogue of Theorems 12 and 13. Let Co1 = (csy - . -c)
be a matrix obtained from C, of Theorem 14 by replacing d, by a zero matrix.
We have

THEOREM 16. Let = (Cy, - - - , Cauy, Ka) be a set of p-way, p 23, matrices
of order n with elements in a field ¢, where Cy, - - -, Ca_y are canonical diagonal
matrices as given in Theorem 14. If the set Z is equivalent in ¢ to a set of diagonal
matrices, the orders of \i%, %, - - -, No(), 0a and values of the non-vanishing
elements of Ca1 can be chosen so that K, —Ca s a non-singular matrix of order r,
where r is the order of 8., or such a matrix bordered by zeros; and conversely.

Let K.=(kgy....). If Z is equivalent to a set of diagonal matrices, there
exist matrices 4*1=(a%™"), - - - , D=t=(dg™"),leaving Cy, - - - , Ca—y invari-
ant, and minors \s?, - - -, AJ(,), 0a such that

a a—1_ a—1 a—1
(kgy-..e) = (Cijo.a@ip bjy - - die ),
whence

a a a
uy +v; tug

u, a a—1 a—1 a a—1 a—1
(k,e-,...e) = ( Z Cr...A@xg  ° " d)‘e + .Z‘ Cr...NA\8  ° ¢ d)‘g
A=1 A=u; +v1+1

a
Zatg(a) a a—1 a—1
+ -+ > Oneoarg -+ e

a a A
A= 2:G—“a(a)—"'a(a)"'l

Zatus a)+1

S )

A=2Zg+1

where the #’s and v’s are as defined in the proof of Theorems 14 and 15. At

once
2a+u:/a)+l
a—1 a—1
Ka'_cal=< Z axs "'d)\e )-

A=Zg+1

If we wish to test the equivalence of a set Cy, - - - , Cact, Ko, - - -, K tO
diagonal matrices, we determine whether or not Cy, - - - , Ca1, K. is equiva-
lenttoaset Cy, - - -, Co. If s0,let Koy1, - - - , Km go into KJyy, - - -, Ko un-
der transformation of the set Cy, - - - , Co—y, K, to Cy, - - -, Ca. The matrices
Ci, -+ +,Cau, K, - - -, Knare equivalent under non-singular linear transfor-
mations to diagonal matrices if and only if Cy, - - -, Ca, Koy, -+ -, Kal are
equivalent to diagonal matrices. We reapply Theorem 16 to Cy, - - -, C,,
K..1. This process can be continued until we arrive at a canonical set
Cy-,Cn.

In Theorem 14 we obtained canonical forms of p-way diagonal matrices,
p=3, and in Theorem 16 necessary and sufficient conditions for the equiva-
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lence of Cy, - - -, Co—1, K. to canonical diagonal matrices. Since a set of mat-
rices is equivalent to a set of diagonal matrices if and only if it is equivalent
to a set of canonical diagonal matrices, we have derived necessary and sufh-
cient conditions for the equivalence of a set of p-way matrices, p=3, to a
set of diagonal matrices.

Theorem 16 is in general difficult to apply. However, it is given here since
no better equivalent theorem has been found.

CHAPTER III. FACTORIZATION OF p-WAY MATRICES INTO
3-WAY MATRICES

11. Introduction. Necessary and sufficient conditions for a matrix
A =(aw,...r,) to be of the form (af}, - - - a®), where (a%}), - - -, (a%) are
matrices non-singular on the index e, are given in chapter I. In the pres-
ent chapter necessary and sufficient conditions are obtained for a matrix
A =(aix,.--»,) to be of the form (aff - - - aff)), ¢ not summed, j summed,
where the 3-way matrices (af}), - - -, (af)) are non-singular on ij. The
method of treatment covers the case where the index § in the matrices above
does not occur* and the matrices (af), - - -, (¢)) are non-singular on 3.

In this chapter, as in the others, indices may be partitions consisting of
more than one index.

12. Factorization into multiple composites. Let 8y, - - -, 8.—1 designate
the 2-way displays (37r)=(815,is05112), (877)) =(820yis0isin), - - -, (S0
= (8m—1,i,i,07,7,) Tespectively, where T =i,j;, T’ =1455; (8;,;,) is a Kronecker
delta of order ¢, and (61i:,), - -+, (8m—1,ii,) are the i-layers of a 8-matrix
on (3, 41, 72) of order m obtained by setting i=1, - - - , m—1 respectively.
Let &7 =(51'i1"26iu'2)’ of =(6;i1525i1i2)y ) 6:"—1=(6:"—2.i1i367'1i2); where (B;iliz):
(8261is), - = =, (8m_2,4,5,) are the i-layers of the d-matrix (8%:,:,) on (3, 41, 42)
of order (m—1) on each index obtained by setting =1, - - - , m—2 respec-
tively.

Let By, - - -, Bm_1 be a set of 2-way matrices of order # =mt with elements
in a field ¢. If the matrices By, - - - , B.—; are equivalent under similar trans-
formation in ¢ to &y, - - -, dm_1, it is evidently necessary that the matrices B;
be each equivalent under similar transformationin¢ to §;forz=1, - - - ;m—1.
Now B, is equivalent under similar transformation to 8, if and only if (B, —\I)
has the same invariant factorst as (8, —\I), where I is a Kronecker delta.
Assume that B, is equivalent to &, as demanded. By reduction of B, to §

* The matrix 4 in this case is a generalization of the Scott product of two matrices. See M. Lecat,
Abrégé de la Théorie des Déterminants d n Dimensions, 1911, Introduction, p. xl.
t Dickson, Modern Algebraic Theories, p. 104.
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under similar transformation, the matrices Bs, - - - , Bn_1 are transformed
. ’ ’
into a set By, -+ -, Bm-. Let

B B,
Bt’ =<Bru B112> (S=2, 3"",m_ 1)1
821 822

where B, is a minor of order ¢.

THEOREM 17. The matrices By, - - -, B, of order n with elements in a field ¢
are equivalent under similar transformation in ¢ to a set 8y, - - - , dm—1 if and only
if

Bu=Bg=Bu:=0 (s=2,---,m=1),

and the set By, Biss, - - -, Bm_1,: is equivalent under similar transformation

in ¢ to the set of (n—t)-order matrices 84, 85, - - -, dm_s.

The matrix W which satisfies the relation W&, W-1=38, is of the form*

(o )

W = ,

0 W

where Wy, is a square minor of W of order ¢. Now for s=2, - - -, m—1,

W B Wi WuB:nWZJ)

WB, W1 = ( ;-1 r =1
WeeBeoai W11 WaeBsaoWee

Equating WB,;W-! above to &, we obtain the conditions of Theorem
17. The matrices &7, 835, - -, 8m—1 form an array like 6;, 82, - - -, Om—y,
whence the above process may be reapplied to Bis, Bas, - - - , B2, and
84,84, -, 8m—-1. Since m is finite this process is a terminating one.

Let&,2=1, - .-, n—1, now represent a diagonal matrix with the 7th ele-
ment on the diagonal as the only non-vanishing element. For square 2-way
matrices By, - - -, B, of order # to be equivalent under similar transforma-
tion to the set &, - - -, £, it is in particular necessary that (B,—NI) have
the invariant factors A\(\—1), A, - - - , \. Assuming that this condition is satis-
fied, let the set By, - - -, B,_1 be reduced under similar transformation in ¢
to aset &, By, - - -, B/, where we write

biu Bi
Bi’=(:l ’12) (1=2,,n—1),
Bi?l Bi22

where by, is a single element. Letting # =mf, t=1 in Theorem 17, we have the

* Turnbull and Aitken, Introduction to the Theory of Canonical Matrices, 1932, p. 146.




1936] NON-SINGULAR MULTILINEAR FORMS 449

COROLLARY. The 2-way matrices By, - - - , Bn_, of order n are equivalent un-
der similar transformationing to &, - - - , £n_y, if and only if by = Biyg = Biay =0,
i=2,3, -+ ,n—1,and the set Byy, Bun, - - - , B,!_1 2 s equivalent under simi-
lar transformation in ¢ to the set &5, &4, - - -, £y where £] ,1=2,- - -, n—1,

are (n—1) by (n—1) diagonal matrices which possess the (i —1)st diagonal ele-
ment as the only non-vanishing element, it being unity.

Let &, 05, - -+, 8m_1 now denote the matrices (61;,...:,) X (8;;-..5,),
(82i- i) X (851---3,)y -+ +y (Bmetig---5,) X (8j,- -.;,) respectively, where (5;,...;,)
is a é-matrix on (ji, - - -, j,) of order ¢, and (81.5;.-.4,), - = = 5 (Gmet,ig---i,)
are i-layers of a é-matrix on (s, 7, - - - 2,) of order m obtained by setting
i=1,---,m—1 respectively. Let By, - - - , Bn_1 be p-way matrices, p = 3, of
order n, where n=mi, and where the matrix By=(by,...x,) is non-singular.
Let the matrices C,=(ci;;); s=1, -, p; ke=1,-- -, m, 4,=1,- -, m;
js=1, - - -, t, non-singular on k,, i,j, (4,7, is a single partition), reduce B, to é
under similar transformation, where § is a §-matrix on (i, 4ajs, - - - , 7555);
let these matrices simultaneously reduce B, - - -, Bu_y to By, - - -, Bua_y.
With these notations we can state

THEOREM 18. The set of p-way mairices By, - - -, Buy, p=3, of order n
is equivalent in ¢ under similar transformation on ky, - - -, k, with Cy=(ckihs),

-y Co=(ci,;,) to aset &y, - - -, dn_s if and only if B! =3, for s=2,- - -,
m—1 or B,' =3, where B;', - - -, Bi_, are obtained from B{, - - -, B._, by
simultaneously rearranging the (irj, iafs, - - -, 14,) diagonal elements of
Bi,---, B

It has been shown in Theorem 2 that under similar transformation on the
partitions 4,71, 422, - - - , 95fp the (3]s, 272, - - -, 2,f,) diagonal elements of a
matrix are at most rearranged, whence Theorem 18 follows.

Let &, - - -, £, now denote the i-layers of a 8-matrix on (3, &y, - - -, k)
of order n. Let matrices B, = (bii,...1,), =1, - - -, n—1, be of order # with
elements in a field ¢. We have the

COROLLARY. The set of p-way matrices By, - - - , Ba1, p=3, of order n is
equivalent under similar tramsformation in ¢ on i, - - -, i, with matrices
(nglllzl), T (C?’)p) to Eh ) Ent if and o"ly if Bi=£" fOf i=1) v y,n"_l
or Bl! =&, i=1,---,n—1, where B!', - - -, B'_, are obtained by simultane-
ously reordering the (i1, - - - , i,) diagonal elements of By, - - -, Ba_1.

We now prove
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THEOREM 19. Given a matrix B=(bix,...r,) with elements in a field ¢ where
i=1,--- ,mand ky, - - - ,kp=1,--- ,n=mi. Let By, - - - , Bn, be the i-layers
of B obtained by letting i=1, - - -, m respectively. Let & be a d-matrix on
(i, =+ -, Jp) of order t, and &{', - - -, 8" be the i-layers of a 8-matrix &'’ on
(@, 4, - -+, i) of order m obtained by letting i=1, - - - | m respectively. The
matrix B is the multiple composite on i, § of matrices A,=(ai;x,), s=1,- - -, P,
non-singular on ij, k., with elements in ¢ if and only if there exist matrices
C.=(ci;,;,) non-singular on ki, 1,5, with elements in ¢ such that

Bilbiky - - - ky|Ci X Cy X - -+ X Cp =8{" X8,

Bn| kiky - Bp|Ci X Ca X -+ - X Cp = 8a" X 6.

If C=(af}, - - - a), i not summed, where 4,=(a];4); i=t.=1, -+, m;
j=j8=1,"',t; kl,"',kp=1,"',n=mt, then
(23) C=5"><5|i1~-i,,jl'-'j,,|Al><~-XA,,.

If the matrix B=(bix,...x,) =C, then by (23)
Bl by - kAT X --- X A;?

oy B ,,‘”l TR

=46"X 3[ 1 pf1c c ]p! @Biyiyirri) X oo o X (Bi,j,i,,'ip'),

where A7 =(A44,,,) is the inverse of the matrix 4, on 7.f,, k. and (8:,4,5,,7),
displayed as (8r,7:), Ts=1s, T =1/j., is a Kronecker delta.
The author has shown* that

(25) (8iyisivi) = (8:,67) X (85,4,7) (s=1,---,9),
where (3,:,/), (3;,;,) are Kronecker deltas. By (24) and (25) we have
(26) Blki- - ky ATPX - X A;1=28" X 8.

Equation (26) is equivalent to the set of equations

(27) e e e e
Bn| k- by ATV X -+ X A7 = 8" X 8,

where 8{’, - - -, 8,/* are the i-layers of §’’. This proves the theorem.

To show that the factorization property of Theorem 19 can be recognized
by Theorems 17 and 18, we note that if the i-layers By, - - - , Bn of Bareequiva-
lent under non-singular linear transformations to § =8{’ X8, - - - ,0n=0m"' X8

* Composition and rank of n-way matrices and multilinear forms, Annals of Mathematics, vol. 35
(1934), p. 629.
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asin (27),then B=B,+ - - - +Bm, By, - - - , Bu_1 are equivalent under non-
singular linear transformations to 6 = (8!’ X8+ - - - +8a’ X8), 01, * « * , Om—y,
where 6y, - - -, 6m—1 are defined as in Theorem 18, and conversely. Now § is a
d-matrix on the partitions (4171, - - -, %,7,). If B is non-singular, reduce B to §
under non-singular linear transformations. Simultaneously By, - -, Baa
transform into matrices B!, - - - , B./_;. The matrices B, By, - - -, Bn_; are
equivalent to 8, &;, - - -+, 8m—1 if and only if B{, - - -, B,/_, are equivalent
under similar transformation to é;, - - - , d»—1. The conditions for such equiva-
lence for the 2-way case are given in Theorem 17 and for the p-way case, p =3,
in Theorem 18.

COROLLARY. Let &y, - - -, &, be the i-layers of a d-matrix on (3,41, - - - , 1p)
of order n, where these layers are obtained by letting i=1, - - - | n respectively. The
matrix B=(by,...x,) of order n with elements in a field ¢ can be written in
the form (af,',i . (")), i not summed, where (af,lti), . (a(”)) are non-singu-
lar and possess elements in ¢, if and only if the i- layers By =(bu,...x,),
Ba=(ba, .. k,), - =+, Bu={(bnr,...s,) of B are equivalentin ¢ to &, &, - - -, &n.

Consider the matrix B=(bis,...:,), p=3, of order m on 4, and order
n=mitonky, - - -, k,. Let &, - - -, 8.1 be again defined as in Theorem 18. If
B= (Z:" Diki---x,) is non-singular, the matrices E, = (ei,;,,), non-singular on
Eo,iss, which reduce B to a §-matrixon (ufy, « + -, 255p) 501, - -+, 0p=1, - -, m;
Ju o0, Je=1, , t, reduce the i-layers By, - - - , Bn— of B, obtained by
settingi=1, - - - , m—1 respectively, toaset Bf, - - - , B—;. Theorems 2, 18,
and 19 imply

THEOREM 20. For B=(bir,...x,), P23, of order m on i and n=mi on
ky, - - -, kp, to be the multiple composite on i, j of the matrices A,=(ai;x,),
s=1,-- -, p, non-singular on ij, k,, it is necessary that the sum B of thei-layers
of B be non-singular. It is further necessary that

’

Bl’ = 61) Sty Bm—l = 6m—l,

or

Bl” = 61, Tty Br'n'-—l = 6m-—-l,
where B{’, - - -, Bm_, are obtained from B{, - - - , B,!_, by simultaneous rear-
rangements of the (i1, - - - , i,],) diagonal elements of B!, - - -, B,/_1. These

conditions are also sufficient.

Now let B represent the matrix (bix,...«,), p=3, of order n. Let the i-
layers of B obtained by setting =1, - - - , n be denoted by By, - - -, B, re-
spectively. If §=(Z:,,bikl~-k,) is non-singular, reduce B, By, - - - , B._1 by
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means of non-singular linear transformations to &, BY, - - - , B/_;, where £is a
d-matrix on (4, - - -, %,) of order #. As in the corollary of Theorem 18 let
£1, - - -, £ be the i-layers of a §-matrix on (4, 4y, - - - , %,) of order #. We have
the following

COROLLARY. For B=(bix,...x,), p=3, of order n with elements in a

field @ to be factorable into the form K = (aﬁ,l,i S afZD, t not summed, where

1) P)

(@ig), - -+ (a,f,,,) are mon-singular with elements in ¢, it is necessary that

B be non-singular. It is further mecessary that B;=§&; s=1,--., n—1,
or Bl'=¢; s=1,---,n—1, where B{’,---, Bu_ are obtained from
B!, .- -, B._. by simultaneous rearrangements of the (i, - - -, i,) diagonal
elements of BY, - - -, BJ_1. These conditions are also sufficient.

Theorems 17 to 20 may be extended at once to the multiple composite
oni,jof A1=(al}), -, A,=(a{)) where A, ---, A, are non-singular
on #j only.

The matrix §’'X 8 above is a canonical matrix of a class of (p+1)-way
matrices. We have hence determined necessary and sufficient conditions for
the equivalence of a (p+1)-way matrix to such a diagonal matrix under non-
singular linear transformations on all but one index.

APPENDIX

For certain situations, the equivalence under similar transformation in a
given field of a set of 2-way matrices S= (T}, - - -, T'm) of order » to a set of
diagonal matrices can be recognized by the rank of a matrix H associated
with S. This appendix is devoted to the derivation of H.

Let
<Cli | 0
C; = .
o -
Cnt

be a classical canonical matrixf to which T'; is similar for ¢=1, - - - , m.
Let oy, 2=1, - - -, n, denote the matrix

T! — dr 1
T, — 4

where TY, - - -, T,/ are the transposes of Ty, - - -, T and dy, - - -, d, are
permutations of ¢y, - - -, ¢ for =1, - - - | m. I is a Kronecker delta. 4s-
sume that the malrices a;, t=1, - - - , n, are all of rank n—1. Then there exist

t ¢in ¢;*isa superscript.
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values ¥, Vi, * * -, Yinm-n+1 Of ¥; and a value of &; such that the minor
Aqa,i=1,- - -, n,obtained from a; by deletingthe yth, Yuth, - - - ,¥i nm-141th
rows and the £;th column is a non-singular minor of order n—1. Let A4,
i=1, - - -, n, be the £;th column of a; with the Yuth, Yuth, - - - | ¥; m-1y11th
elements deleted. Let Hyy, - - -, Hysy Ha, - - -, Hen be defined by the rela-
tions

Hll
Ho

Hln

-1
)= -AnAn,"', .

-1
) = - AlnA‘hn
where H,; is a column composed of the first £;—1 elements of the column
—A;7'4,;, and Hy; is a column composed of the remaining elements of
—A17'A2:. Let H now denote the matrix

Hy, Hyy
<1 | >,
II?I H2r.

where the unit element in the i¢th column of H occurs in the £;th row for
i=1,---,n.

Evidently the set S is equivalent under similar transformation to a set
of diagonal matrices if and only if the set S is equivalent under similar trans-
formation to the set S'=(Cy, ---, Cu) or S*=(C¥, .-, C.), where
C#, - -+, Ca* are matrices obtained from Cy, - - -, C by arbitrary inter-
changes of the diagonal elements. If the set .S is to be equivalent under similar
transformation to the set S’, there exists a non-singular matrix X = (x;;) such
that

XT\X'=Cy, -+, XTnX~! = Cn,
or what is the same thing,

(1) XTy=CiX, -+ ,XTw = CuX.

Equations (1) are equivalent to the set of equations

X1
(21) (23] < * ) = O)
X1,
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Since oy is of rank #—1, equation (2;) can be written as
(%11
X1,8-1

An = — A1y,
X1,8+1

\ X1n Y,
Now
( %11 )
%1,8-1

-1
= - A11A2lxl.€1°
X1,81+1

\ X1n J

Since a, - - -, a, are all of rank n—1, we obtain similar solutions from
(22), - - -, (2,) of the form

%21 ( %n1
X2,8-1 -1 Xn, -1 -1
= — ApAsxs g, - - " = — AinAon%ag,.
i1t ) vEn
X2,80+1 Xn, gyt
\ X2n J Xnn )

The matrix X can now be written as

Hyx1,, Hiyxn,z,
X = Xig Znt, |-

Ha %1, Hjnxn g,

Evidently
X1,8, .0
X=H . ,
o -
xﬁ:fn

whence X can be taken non-singular if and only if H is non-singular.
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A like argument holds if the set S’ is replaced in the equations of (1) by S*.
We have proved the

THEOREM. The set S is equivalent under similar transformation to a set of
diagonal matrices if and only if H is non-singular for at least one choice of the
quantities dit, - - - ,d,de, - --,d2, -+ ,d" -, d"
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